Florida Institute of Technology

Scholarship Repository @ Florida Tech

Theses and Dissertations

5-2020

Critical Elliptic Boundary Value Problems with Singular Trudinger-
Moser Nonlinearities

Shiqiu Fu

Follow this and additional works at: https://repository.fit.edu/etd

b Part of the Applied Mathematics Commons


https://repository.fit.edu/
https://repository.fit.edu/etd
https://repository.fit.edu/etd?utm_source=repository.fit.edu%2Fetd%2F946&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/115?utm_source=repository.fit.edu%2Fetd%2F946&utm_medium=PDF&utm_campaign=PDFCoverPages

Critical Elliptic Boundary Value Problems with Singular

Trudinger-Moser Nonlinearities

by
Shigiu Fu

Master of Science
Department of Mathematics
Florida Institute of Technology
2015

Bachelor of Science
Department of Mathematics
Tianjin University of Technology
2013

A dissertation
submitted to the College of Engineering and Science
at Florida Institute of Technology
in partial fulfillment of the requirements
for the degree of

Doctor of Philosophy
in
Applied Mathematics

Melbourne, Florida
May, 2020



(© Copyright 2020 Shiqiu Fu
All Rights Reserved

The author grants permission to make single copies.



We the undersigned committee
hereby approve the attached dissertation

Critical Elliptic Boundary Value Problems with Singular
Trudinger-Moser Nonlinearities

by

Shiqiu Fu

Kanishka Perera, Ph.D.

Professor

Department of Mathematical Sciences
Committee Chair

Adrian Peter, Ph.D.

Associate Professor

Department of Computer Engineering and
Sciences

Jian Du, Ph.D.
Associate Professor
Department of Mathematical Sciences

Ugur Abdulla,
Ph.D.,Dr.Sci,Dr.rer.nat.habil
Professor

Department of Mathematical Sciences

Munevver M. Subasi, Ph.D.
Associate Professor and Head
Department of Mathematical Sciences



ABSTRACT

Title:
Critical Elliptic Boundary Value Problems with Singular

Trudinger-Moser Nonlinearities

Author:
Shiqiu Fu

Major Advisor:
Kanishka Perera, Ph.D.

In this dissertation, we prove the existence of solutions for two classes of eliptic
problems that are critical with respect to singular Trudinger-Moser embedding.

The proofs are based on compactness and regularity arguments.
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Chapter 1

Introduction

Elliptic problems with critical Trudinger-Moser nonlinearities have been widely

studied in the literature. The well-known Sobolev embedding theorem says that
Wy () = L1(9)

if
Np
N —p’

1<¢<

where Q is a bounded domain in RN, N > 2, p < N, and W,(Q) is the standard

Sobolev space of LP-functions whose weak derivatives also belong to LP(€2). The

~Y

Trudinger-Moser inequality concerns the borderline cases N = p, where
-Pp
+00 and W™ (Q) is not embedded in L®(Q). Trudinger [15] showed that

/ el < 00 Yu e WEN(Q)
Q



by developing the exponential in a power series and controlling the embedding
constants of W)™V (Q) — L™(Q), m € N.

Moser [13] improved the above result by showing that
/ eV <00 Vue Wy (Q)
Q

for all o > 0, and

N/(N 1)
sup / e Ul dr < oo
0

||U||W5,N<Q)S1
if and only if

a < Nw]l\,/ijlv_l),

where wy_; is the area of the unit sphere in RV,

For the case N = 2, we obtain that
/ e dr < oo Vu e H3(Q)
Q

for all @ > 0, and

sup / e dr < 00
Q

”u”Hé(Q)S]‘
if and only if

a < 4.

The following generalization of this embedding was obtained in Adimurthi and
Sandeep [14]:
Oé’LL2
/e—d:z: <oo Yu€ Hy(f)
q |z



for all @ > 0 and 0 < v < 2, and

”““Hl(ﬂ) |‘(L'|’y

if and only if

—+ <1

7 <
T 2~
In this dissertation we prove the existence of solutions to two classes of elliptic
problems that are critical with respect to this singular Trudinger-Moser embedding.
As is usually the case with critical growth problems, the main difficulty here is the
lack of compactness of the associated variational functionals.

First we establish an existence result for the class of singular elliptic problems

with exponential nonlinearities
(1.2)

where €2 is a bounded domain in R? containing the origin, & > 0, 0 < v < 2, and
h is a continuous function for which the limit

B = lim th(t) (1.3)

[t| =00

exists. The case 8 = oo was considered in [14], so we focus on the case 0 < f < o0
here. The nonsingular case v = 0 has been widely studied in the literature (see,
e.g., Adimurthi [1], Adimurthi and Yadava [2], de Figueiredo et al. [11, 9], Marcos

B. do O [12], de Figueiredo et al. [10], Perera and Yang [16], and their references).



Let Ai(7y) > 0 be the first eigenvalue of the singular eigenvalue problem

—Au:/\i in

||
u=">0 on 0,
given by
/|Vu|2dx
M(y) = inf 2L 1.4
! weHH\ (0} u’ (14)
—dx
oz
Set

t
G(t) = / h(s) e ds.
0
Our main result for problem (1.2) is the following theorem.

Theorem 1.1. Assume that a >0 and 0 < v < 2 satisfy

o g
— 4+ =<1
47 * 2 =7
G satisfies
G(t) >0 fort>0, (1.5)
1
G1) < 5 ) — o) forli] <5 (1.6
for some 0,6 > 0, and
2—x 2
% < ﬁ < 00, (17)

where d is the radius of the largest open ball centered at the origin that is contained

in Q. Then problem (1.2) has a nontrivial solution.



This theorem is new even in the nonsingular case v = 0. Indeed, the corre-

sponding result for the nonsingular case is proved in de Figueiredo et al. [11, 9]

and Marcos B. do O [12] only assuming that h(t) > 0 for all ¢ > 0. This implies

our assumption (1.5), but (1.5) is weaker. The proof of the theorem will be given

in Section 2.2, after proving a suitable compactness property of the associated

variational functional in Section 2.1.

Theorem 1.2. Assume that a >0 and 0 < v < 2 satisfy

a g
—+lc
4 + 2 L
G satisfies
1
Gt) <5 M) —0)t® forft <o

for some 0,6 > 0, and

(2—17)°

= < B < o0.

Then problem (1.2) has a nontrivial solution.

(1.8)

Proofs of Theorems 1.1 and 1.2 will be given in Section 2.2, after proving a

suitable compactness property of the associated variational functional in Section

2.1.

Our second result concerns a class of semipositone problems with singular ex-

ponential nonlinearities. We recall that the semilinear elliptic boundary value

problem
§

—Au = f(x,u) in

u >0 in

u=>0 on 011,



where f is a Carathéodory function on € x [0,00), is said to be of semipositone
type if f(-,0) < 0 on a set of positive measure. It is notoriously difficult to find
positive solutions of this class of problems due to the fact that v = 0 is not a
subsolution (see, e.g., Castro and Shivaji [6], Ali et al. [3], Ambrosetti et al. [4],
Chhetri et al. [7], Castro et al. [5], Costa et al. [8], and their references). We

consider the problem

( ou?
—Au = lu Txh + pg(u) in
u>0 in Q) (1.9)
u=">0 on 0f),

where ) is a smooth bounded domain in R? containing the origin, o > 0,0 < v < 2,

A, it > 0 are parameters, and g is a continuous function on [0, co) satisfying

- g(t)
lim T =0 V8> 0 (1.10)
and
sup  (2G(t) —tg(t)) < oo, (1.11)
te[0,00)

where G(t) = f; g(s)ds. We make no assumptions about the sign of g(0) and
hence allow the semipositone case g(0) < 0. For example, the functions ¢(t) = —1,
g(t) =" —1, where p > 1, and g(t) = e’ — 2 all satisfy (1.10), (1.11), and ¢(0) < 0.

We will show that problem (1.9) has a positive solution for all 0 < A\ < A;(%)

and p > 0 sufficiently small. We have the following theorem.



Theorem 1.3. Assume that a >0 and 0 < v < 1 satisfy

T~
2T«
47T * 2 =

0 <A< \(7), and g satisfies (1.10) and (1.11). Then there exists a p* > 0 such

that for all 0 < p < p*, problem (1.9) has a solution u,,.

We note that this result does not follow from standard arguments based on
the maximum principle since ¢(0) is not assumed to be nonnegative. Our proof is
based on regularity arguments and will be given in Section 3.2, after establishing
a suitable compactness property of an associated variational functional in Section

3.1



Chapter 2

Proof of Theorem 1.1 and 1.2

2.1 Compactness

Weak solutions of problem (1.2) coincide with critical points of the C'-functional

E(u) = %/Q\Vu\zdx — /Q (|;5’E|? dr, € Hy(%).

We recall that a (PS). sequence of F is a sequence (u;) C H}(S2) such that E(u;) —

c and E'(uj) — 0. Proof of Theorem 1.1 and 1.2 will be based on the following

compactness result.

Proposition 2.1. Assume that o > 0 and 0 < v < 2 satisfy

o
— <1
47r+ =

BO =2



and 0 < 8 < oco. Then for all ¢ # 0 with

every (PS). sequence of E has a subsequence that converges weakly to a nontrivial

solution of problem (1.2).

Proof. Let (uj) C Hg(Q) be a (PS). sequence of E. Then

1 2 G (uy ) B
Bws) = 5 Il = [ S5 de = e+o(1) 2.1)
and
, eau?
E'(uj) uy = ||uy||* - }Q?Afh(uj)wgﬁg'dx = o([Juyl]). (2.2)

First we show that (u;) is bounded in H} (). Multiplying (2.1) by 4 and subtract-

ing (2.2) gives

dr.

ol + [ () € = 4Ga) £ = et offuy ]+ 1)

so it suffices to show that th(t) e — 4G(t) is bounded from below. Let & > 0.
By (1.3), 3M. > 0 such that |th(t) — 8] < € for [t| > M.. So, for some constant
C. >0,

th(t)e™” > (B—¢)e™ —C. Wt (2.3)

(B+e¢) / ? 60:

C. otherwise.

and
2

ds+ C. if |t| > M.
G(t)| <



Taking M. larger if necessary, we may assume that (5+¢)/s < 2eas for all s > M.,
so (2.4) gives
G| <ee®™ +C. W, (2.5)

which together with (2.3) gives the desired conclusion if € < /5.
Since (u;) is bounded in Hj(£2), a renamed subsequence converges to some u

weakly in H}(Q), strongly in LP(2) for all p € [1,00), and a.e. in Q. We have

auz

E'(uj)v = /QVuj -Vvdr — /th(uj) C dr—0 (2.6)

|z

for all v € H}(2). By (1.3), given any & > 0, there exists a constant C. > 0 such
that

|h(t) e | < ee® +C. VL. (2.7)

By (2.2),

sup / u; h(uj) —— dz < oo,
o Ja

J ||

which together with (2.3) gives

sup/e " dz < . (2.8)
i Ja

j ||

For v € C§°(2), it follows from (2.7) and (2.8) that the sequence (v h(u,) e /|z|)

is uniformly integrable and hence

au2

e e
vh(u;) —— dx — vh(u) — dx
J ) e [ en i

10



by Vitali’s convergence theorem, so it follows from (2.6) that

/Vu-Vvdx—/vh(u)e dxr = 0.
Q Q

[

Then this holds for all v € Hj(2) by density, so the weak limit u is a solution of
problem (1.2).

Suppose that ©u = 0. Then

/G( )d — 0

|z

since (2.5) and (2.8) imply that the sequence (G(u;)/|z|”) is uniformly integrable,
0 (2.1) gives ¢ > 0 and
g | = (2)'72. (2.9)

Let 2¢c < v < 47 (1 — v/2)/a. Then |lu;|| < v'/2 for all j > j, for some jy. Let
q=4r (1 —~/2)/av > 1 and let 1/(1 —1/q) <r < 2/v(1 —1/q). By the Holder

inequality,

o 1/q dr 1/r
ot i < ([ ioipar) </ o ) ()

where 1/p+1/q+ 1/r = 1. The first integral on the right-hand side converges to

zero since th(t) is bounded and u = 0, the second integral is bounded for j > jo

1/2

by (1.1) since qauj = 47 (1 — v/2) %, where @; = u;/v'/? satisfies ||u;|| < 1, and

the last integral is finite since yr (1 — 1/q) < 2, so

/ h( )eau’2 dz — 0
Q ’ ’ |z |7

11



Then u; — 0 by (2.2) and hence ¢ = 0 by (2.9), contrary to assumption. So u is

nontrivial. O

2.2 Proof of Theorem 1.1 and 1.2

In this section we prove Theorem 1.1 and 1.2. We will show that the functional
E has the mountain pass geometry with the mountain pass level ¢ € (0,27 (1 —

v/2)/a) and apply Proposition 2.1.

Lemma 2.2. If (1.6) holds, then there ezists a p > 0 such that

inf E(u) > 0.

llull=p

Proof. Since (1.3) implies that A is bounded, there exists a constant Cs > 0 such
that
IG(t)] < Cs|tf e for |t| > 6,

which together with (1.6) gives

G(u) 1 u? 4 e
dz < = (M(y) — 2 dx. 2.1
| SRz =0 [ Iodes s [P Tran @)
By (1.4),
/ < L (2.11)
—dxr < ) .
olzl” 7 M)

where p = ||u||. Let 2 <r < 4/v. By the Holder inequality,

au? 1/p 2au? 1/2 d 1/r
/ |u)? © _dz < (/ |u|3pdx> / ¢ i (/ _x/g) . (2.12)
Q 2|7 Q o |z q |z

12




where 1/p+1/r = 1/2. The first integral on the right-hand side is bounded by Cp?”
for some constant C' > 0 by the Sobolev embedding. Since 20u? = 2ap® 42, where
o = u/p satisfies ||u|| = 1, the second integral is bounded when p? < 27 (1—7v/2)/«

by (1.1). The last integral is finite since yr < 4. So combining (2.10)—(2.12) gives

J

C(U) 1 0 2 3
< — - .

A7)
Then
1 o
Elu) > - 21+ 0(p%),
(u) 2 5 e’ )
and the desired conclusion follows from this for sufficiently small p > 0. [

We have B;(0) C Q. For j > 2, let

(

Viog j if |z] < d/j

L) log(d/]z])

V(1) = —= if d/j < <d
ARV R A

0 otherwise.

It is easily seen that v; € Hj(Q) with |jv;]] = 1.
Lemma 2.3. Assume that 0 < 8 < 00.
(i) For all j > 2, E(tv;) - —o0 ast — oo.

(13) If (1.6) holds, then there exists jo > 2 such that

sup E(tvj,) < %T (1 — Z) (2.13)

t>0

13



in each of the following cases:
(a) (1.5) and (1.7) hold,
(b) (1.8) holds.

Proof. Fix ¢ > 0. By (1.3), 3M. > 0 such that
th(t) e > (8 —e) e for |t| > M.. (2.14)

Since e* > ?*/2 for all ¢, then there exists a constant C. > 0 such that for all

t>0,
2 1
h(t) e > 5 (B—e)a*t® — C. (2.15)
and hence
1
G(t) > 3 (B—e)a?t' — C.t. (2.16)
Since ||vj]| =1 and v; > 0, then
21 v} v;
E(tv)) < — —=(B—e)a?t* | ——d | —=d
(v])_2 8(6 £) /va z+C, /Q|x|7 x

and (i) follows.

Set

m@:Emw:ﬁ—/Gmww,tza

|z

If (4) is false, then it follows from Lemma 2.2 and (7) that for all j, 3¢t; > 0 such

14



that

t G(t;v;) 27 Y
Hi(t;)) =2 — | = de = H~t>—<1——> 2.17
i) =5 /Q op s i) = — 5) (2.17)
at?v?.
Hi(t;) =t /vj h(t;v;) ] dr =0 (2.18)
Q
Since G(t) > —C.t for all t > 0 by (2.16), (2.17) gives
5> t5 — 205, (2.19)
where
4
to =/ 2 (1 - 1)
o 2
and
j C.d* 2 1
6]:05/ Y gy = . ”,(1—T>—>0 as j — oco. (2.20)
Ba(0) |Z]7 (2—7)? Vlogj )7
First we will show that ¢; — ¢,.
By (2.19), t; > /t5 + 67 — ¢; and hence
liminf ¢; > to. (2.21)
j—o0o
Write (2.18) as
) eat?vf t2 2
tj = / tjUj h(tjvj) Wdl’ +/ tjl)] (t U]) | | dl’ = ]1 + _[2
{tjv;>Me} {tjv;<Me}
(2.22)

Set rj = de~M=V2mlo8 i/t - Since liminf t; > 0, for all sufficiently large j, d/j < r; <

15



d and hence t;v;(z) > M. if and only if |z| < r;. So (2.14) gives

eat?vf eat?v?
112(5—5)/ dx = (6 —¢) / dx
{lal<rsy 2] (el<asiy 2]

+ /{d dgj> = (B—¢)(I3+ 1y). (2.23)

Ji<lal<r;} 1T

We have
2 _
Iy = eat? logj/27r/ d_l‘ _ 2m (C_Z> 7joct?/%r _ Qmd?= ja(tﬁ_tg)/QW_
(al<a/iy 127 2= \J 2—7y
(2.24)
Since th(t) e®” > —C.t for all t > 0 by (2.15),
Uj
.[2 Z —CE tj /{t.U‘<M , W dz Z _5jtj- (225)

Combining (2.22)—(2.25) and noting that I, > 0 gives

2rd?
2—7

‘o (t2—12) /21
t? Z (ﬁ - E) ] (tJ t0)/2m _ 6jtj.
It follows from this that

lim sup t]' < to,

j—00

which together with (2.21) shows that ¢; — to.

16



Next we estimate I,. We have

et llog (d/|z])}? /2 log j
L :/ dx
{d/j<lz|<r;} |x|Y

d d
=27 ( / eots llog (d/r))?/2mlog j , 1~y .. / o015 llog (d/r))? /2mlog j .1~ dr)
d

/3 T

1 1
= 2 d* <logj / e~ @M tl=(ty/t0)*tllog gy / s177 got (los)?/2mlog s ds) :
0 S

J

(2.26)

where t = log (d/r)/logj, s = r/d, and s; = r;/d = e MV2rlogi/ti 5 (. For

s; < s <1, at? (log s)*/2mlog j is bounded by aM? and goes to zero as j — oo,

so the last integral converges to

1
/ sl_vds:—l )
0 2—vy

So combining (2.22)—(2.26), letting j — oo, and noting that

hm ja (t?—tg)/%r Z hm j—aéj t;/m — hm e—oaéj tjlogj/m -1
J—0 J—o0 j—00
by (2.19) and (2.20) gives
t2>2n(B—e)d* L,
where
1 1
L = hm logj/ 67(2*7)t[17(tj/t0)2t] log j dt — hm ne*’nt [17(tj/t0)2 t] dt
Jj—roo 0 - j—o00 0

17



and n = (2 — y)logj — oo. Letting € — 0 in this inequality gives

2—n

< .
ps Lad?*

(2.27)

We will show that this leads to a contradiction if (a) or (b) holds.

(a) By (1.5), G(t;v;) > 0 and hence (2.17) gives t; > tg, so

1 : ' —nt (1—t) 2
L>— lim ne dt = ——
2= n=ee Jy 2—y

(see de Figueiredo et al. [11, 9]). Then (2.27) gives 8 < (2 — 7)?/2ad*7,
contradicting (1.7).

(b) Let k > 0. For all sufficiently large 7, (¢;/t9)* > 1 — r and hence

1
L> 2; lim ne "Mt I=0=m1 gp.

and letting kK — 0 gives L > 1/(2 — ) (see de Figueiredo et al. [11, 9]). Then

B < (2—7)*/ad?*7 by (2.27), contradicting (1.8). O
We are now ready to prove Theorem 1.1 and 1.2.

Proof of Theorem 1.1 and 1.2. The proofs are identical. Let j, be as in Lemma

2.3 (4i). By Lemma 2.3 (i), 3R > p such that E(Rvj,) <0. Let

I'={y € C([0.,1], Hy () : 7(0) = 0, 7(1) = Ruj, }
be the class of paths joining the origin to Rvj,, and set

c:=inf max E(u).
vel' uev([0,1])

18



By Lemma 2.2, ¢ > 0. Since the path vo(t) = tRvj,, t € [0,1] isin T,

2T v
c< max FE(u) <sup E(tv; <—<1——>
™ ueyo([0,1]) (w) < >0 (fvsn) Y

by (2.13). If there are no (PS). sequences of F, then F satisfies the (PS). condition
vacuously and hence has a critical point v at the level ¢ by the mountain pass
theorem. Then wu is a solution of problem (1.2) and u is nontrivial since ¢ > 0. So
we may assume that F has a (PS). sequence. Then this sequence has a subsequence
that converges weakly to a nontrivial solution of problem (1.2) by Proposition

2.1. [l

19



Chapter 3

Proof of Theorem 1.3

3.1 Compactness

In this section we consider the modified problem

e (ut)?
—Au = \ut —+ pg(u) in
|| (3.1)
u=">0 on 0,
where u*(z) = max {u(x),0} and
(
0, t<—1

9t) =9 (1+1)g(0), —1<t<0

20



Weak solutions of this problem coincide with critical points of the C''-functional

B = [ |31vu - o S )| we B@)
MU—QQ U o mE pwGu) | de, u 0 (),

where G(t) = fot g(s)ds. The main result of this section is the following compact-

ness result.
Theorem 3.1. Assume that « > 0 and 0 < v < 2 satisfy a/dm +~v/2 < 1 and g
satisfies (1.10) and (1.11). If p; > 0, pj — p >0, (uj) C HH(Q), and

E, (uj) = c, E, (uj) =0

for some ¢ # 0 satisfying

c<%(1—%>—ﬂ—0]9|, (3.2)

where

0 = sup (2G(t) — t3(t))

teR
and || denotes the Lebesque measure in R?, then a subsequence of (u;) converges to
a critical point of E,, at the level c. In particular, E, satisfies the (PS). condition

for all ¢ # 0 satisfying (3.2).
First we prove the following lemma.

Lemma 3.2. If (u;) is a sequence in H () converging a.e. to u € Hg(2) and

)2

a(u
2l 'y
sup/ﬂ(u] ) PE r < 00, (3.3)

J

21



then

o (uf)? a(ut)?
/e—de%/e—dx.
o |zp o |zp

Proof. For M > 0, write

+)2 +)2 +)2

a(u] a(u] a (u]

e J e J e J

/ || dr / + |x|Y du / + ||
Q {uf <M} {ut >}

By (3.3),

)2

a(ul)? a(u
e® 1 e\ 1

der < — )2 dr =0 — M — 0.
/{U;EM} " ”“"—M2/Q(“ﬂ) i M O\aE) T

Hence
+)2

o (u] a(ul)?

e Y e*\Y% 1
e [ o)
/Q R ey 1ol e

and the conclusion follows by first letting j — oo and then letting M — oo. O]

We will also need the following result from Adimurthi and Sandeep [14, Theo-

rem 2.3].

Lemma 3.3. Let 0 < v < 2. If (u;) is a sequence in H}(Q) with |lu;|]] =1 for all

7 and converging weakly to a nonzero function u, then

3
sup | ——dx < o0
i Ja lz|

for all B < Am(1 —~/2)/(1 — ||lul]?).

We are now ready to prove Theorem 3.1.
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Proof of Theorem 3.1. We have

By () = > [l 2 = 2 /ea(ujy‘ld - A/é< Vdr=cto(l)  (34)
Wy U] —2 U] 2a o |:L'|"/ X ,LL] 5 Uj T = C (0] .
and
) ) o ea(u;ﬁ')z N
B! () = g2 = X [ (u}) dr— iy [ ;) de = o(lu,ll). (3.5)
Q ]xh Q

Multiplying (3.4) by 4 and subtracting (3.5) gives
2 2\ d ~ ~
ol [ (f? =2 e+ 2) S [ (w3t - 16 (w) do
Q ’ a) |z Q

= e+ o([Juy]| + 1),

and this together with (1.10) implies that (u;) is bounded in H}(2). Hence a
renamed subsequence converges to some u weakly in H{ (), strongly in LP(2) for

all p € [1,00), and a.e. in 2. Moreover,

sup/eﬁuﬁdx<oo
j Ja

for all B < 4 /(sup; [|u;||) by (1.1), and hence [, u; §(u;) dz is bounded by (1.10).

Then
6oz(uj)2
Sup/ ul)? dr < oo 3.6
! Q( i) BE (3.6)
by (3.5), and hence
a(ul)? a(ut)?
et e
/—dx—>/—da: (3.7)
o |z o |z
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by Lemma 3.2. Denoting by C' a generic positive constant,

el (uj’)2

~ 6] u‘.‘r2
03 §uy)| < Jug| ("2 4 C) <

by (1.10), so it follows from (3.7) and the dominated convergence theorem that

/uj g(uj)dx — / ug(u)dz. (3.8)
Q Q
Similarly,
/ G(uy) dz — / G(u) dx. (3.9)
Q Q
We claim that the weak limit u is nonzero. Suppose u = 0. Then
[ [ () G dr 0 (310
de — | —, /uﬁu dr — 0, /Gu’ de — 0 (3.10
o |z alz| o 7 a

by (3.7)—(3.9). So (3.4) implies that ¢ > 0 and
[uj| — (2¢)2. (3.11)

Noting that ¢ < 27 (1 —v/2)/a by (3.2), let 2¢ < v < 47 (1 —v/2)/a. Then (3.11)
implies that |luj|| < v'/2 for all j > jy for some jy. Let ¢ = 47 (1 —v/2)/av > 1

and let 1/(1 —1/q) <r <2/v(1—1/q). By the Holder inequality,

+)2

o e (u; ) 1/p eqau 1/r
| 4P
/Q(“” ER d“‘(/g'“f‘ d“’) o Tal </ o 1/q> ’

where 1/p + 1/q¢ + 1/r = 1. The first integral on the right-hand side converges

to zero since u = 0, the second integral is bounded for j > jy, by (1.1) since
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1/2

qow; = 4m (1 —/2) w3, where u; = u; /v'/? satisfies ||i;|| < 1, and the last integral

is finite since vr (1 — 1/q) < 2, so

e (u;r)2
/(u;r)2 dz — 0.
Q |z

Then u; — 0 by (3.5) and (3.10), and hence ¢ = 0 by (3.11), a contradiction. So
u 1s nonzero.

Since Ej, (u;) — 0,

a(ul)
/Vuj~Vvdx—)\/u;r€ : Udl'—/ﬁj/’g(“j)vdxéo (3.12)
Q Q ! Q

]

for all v € H}(Q). For v € C§°(Q2), an argument similar to that in the proof of

Lemma 3.2 using the estimate

o0 (uf)?
/ u;“ 2| < sup \v| das
{u;'ZM} ’ml’Y ‘x”y
and (3.6) shows that / u;r | | vdm — / | | vdx. Moreover, denoting
QO X X

by C' a generic positive constant,

o (ul)
~ o (uh)? (& J
|g(u;) v|] < sup|v| (e () —i—C’) < C sup |v| < PR + 1)

by (1.10), so it follows from (3.7) and the dominated convergence theorem that

/Qﬁ(uj)vdx% /Q’gv(u)vdx.
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So it follows from (3.12) that

a(ut)?
/Vu-Vvdx:)\/u+e vdm+u/§(u)vdm.
Q Q Q

|z

Then this holds for all v € H}(Q2) by density, and taking v = u gives

a(ut)?
ul?> = A [ ()2 € do + p | ug(u)da. (3.13)
Q |z |7 Q
Next we claim that
oz(u'-"')2 o (ut)?
/(uj)2 C  dr— /(u+)2 ‘ dz. (3.14)
a || 0 ||
We have
o eoz(uj)2 ) eau? 6aHuj||2ﬁ?

where u; = u;/ [|u;||. Setting

A a(@h)? _q -
m:—/e—d:ﬁ—i—u/G(u)daz,
0 Q

2a ||

we have

2
lui||” = 2(c + x)

by (3.4), (3.7), and (3.9), so u; converges weakly and a.e. to u = u/[2 (c + x)]'/2.
Then
gl (1 = [1@]]*) = 2 (e + #) — [Jull* (3.16)
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Since te! > et — 1 for all t > 0,

a(ut)? a(wh)? _
/(u+)2 ¢ dzx > l/ ;da:,
o |z alo o |xp

and

/Quﬁ(u)dx22/ﬂé(u)dx—9|ﬂ|

since 6 > 2G(t)—tg(t) for all t € R, so it follows from (3.13) that ||u]|® > 2k—ud 9.

Hence

2 Am g
+K) — < 2c+ “(1-2 _
2(c+ k) — ||ul 2c+ uf || < (1 2) (3.17)

by (3.2). We are done if ||u|| = 1, so suppose ||u|| < 1 and let

2 01 . An(1—~/2
—C+M~|2|<y—25<u< ull 1/2)/06.
1 — [full 1 — [[ul]

Then |ju;||* < ¥ — 2¢ for all j > j, for some j by (3.16) and (3.17), and

2
J

Sup/ < dr < o0 (3.18)
- Ja

J ||

by Lemma 3.3. For M > 0 and j > jo, (3.15) then gives

12
/ w2 g
ey 0 fel
= / 20
T Jpreny 7 2l
av u?
— ||uj||2 an efz-:au? e—sa(u]-/||u].H)2 e—de
{uf>M} ]

a2

2 9 eal/u]
< [ max te=**" ) [Ju,]| e_m(M/lluJ')/ de.
120 Q |z
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The last expression goes to zero as M — oo uniformly in j since ||u;|| is bounded
and (3.18) holds, so (3.14) now follows as in the proof of Lemma 3.2.

Now it follows from (3.5), (3.14), (3.8), and (3.13) that

a(ut)?

e -
il = X [ (u*)? de+p | ug(u)de = ||ul]®
Q || Q

and hence ||lu;|| — [Jul|, so u; — u. Clearly, E,(u) = c and E] (u) = 0. O

3.2 Proof of Theorem 1.3

In this section we prove our main result. By Theorem 3.1, E,, satisfies the (PS).
condition for all ¢ # 0 satisfying
27 ¥ e,
<Z(-2)-Fal.
‘S ( 2) 2 ¢
First we show that £, has a uniformly positive mountain pass level below this

threshold for compactness for all sufficiently small ;2 > 0. Take » > 0 so small that

B.(0) C © and let

(

Viog j, x| <7r/j

L [ log(r/|z|)
vi(x) = — { 2o\ /1D ;
() Jon a7 r/j<lx|<r

0, lz| > r.
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It is easily seen that v; € Hj(Q) with |jv;|] = 1 and

/07}]2- drx =0(1/logj) asj— oc. (3.19)

2
Lemma 3.4. There exist g, p,co > 0, jo > 2, R > p, cmdq?<—(1—z

) such
o} 2
that the following hold for all j € (0, uo):

(i) llull = p = Eu(w) > co,
(i) Bu(Ru;,) <0,

(¢ii) denoting by T = {y € C([0,1], H3(Q2)) : v(0) = 0, v(1) = Rvj,} the class of

paths joining the origin to Rvj,,

< < 2 :
co < ¢y = ;relﬁ uer&%xl]) E,(u) <9+Cpu (3.20)

for some constant C' > 0,
(iv) E, has a critical point u, at the level c,,.

Proof. Set p = ||u| and @ = u/p. Since e! — 1 <t + t%¢' for all t > 0,

1 [ et
—/ ‘ / dx—i—a/ da: (3.21)
a Jo |$|” |z |90|7

By (1.4),

02 2
—dz < . 3.22
/ 2 S N (3:22)

Let 2 < r < 4/7. By the Holder inequality,

au? 1/r
/ wt S dr < / W dx / _dr , (3.23)
o |z |9U|7 o |z)r/?
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where 1/p + 1/r = 1/2. The first integral on the right-hand side is bounded by
Cp* for some constant C' > 0 by the Sobolev embedding. Since 2au? = 2ap? u?
and ||u|| = 1, the second integral is bounded when p? < 27 (1 —v/2)/a by (1.1).

The last integral is finite since yr < 4. So combining (3.21)—(3.23) gives

o P
— [ —————dzx < +0(p*) asp—0.
o e oW

On the other hand, it follows from (1.10) that [ G(u)dz is bounded on bounded

S~

subsets of H}(Q). So

E,(u) > <1 — L) PP +0(p") —Cu asp—0

A1(7)

N | —

for some constant C' > 0. Since A(y) < Ay, (7) follows from this for sufficiently
small p, p, co > 0.

Since ||lvj]| =1 and v; > 0,

[

t? A et 1
Eﬂ(t'l]j) = E — /Q [% —_—+ /LG(tU]) dx

for t > 0. For u < \/2, this gives

t2 A e — 1

where

2

1 at? 1 t as
Flat)= — 5 24+ G(t) = / (se— +g(s)> ds > —Ct
0

2 [zl |z
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for some generic positive constant C' by (1.10), so

2\ et
Eu(tvj) S E - E/del‘—f‘cyﬂf/gzv] dx.
Since
1/2 t2
Cut/vjdeCut</vj2-dx) SCM2+—/UJ2d.T,
Q Q 2 Jo
then
Ey(tvj) < Hy(t) + Cp?,

where

t? ) A [ et -1
H;(t)=— 1+/vjdx ——/—dx—)—oo as t — 00.
2 Q 4o Q |x|7

So to prove (i) and (ii7), it suffices to show that Jj, > 2 such that

v :=sup Hj(t) < % (1 — 2) .

>0

Suppose sup;sq H;(t) > 2m (1 —~/2)/a for all j. Since H;(t) — —oc ast — oo,

there exists t; > 0 such that

~

2 at2.v2,
- A % —1 2
Hi(t) =2 (1+¢;) - (AE————dx:$ml#@2p§<l—z> (3.24)

5 E |l’|’y t>0 2

)\ eat?U‘?
HW”ZQG+Q—§Kh?MWM>:Q (3.25)

31



where ¢; = / v?- dx — 0 by (3.19). The inequality in (3.24) gives
Q

at2,24_ﬂ-(1_1)’
J 1+8j

and then (3.25) gives

at?v? Am (1—v/2) v2/(1+¢;)
(1+€j)=/v2-6”dx2/ v?e ’ dx
Q B’!‘/](O)

|7

B 7’2 (1—v/2) logj
"9 (1 —~/2) j20-7/2)ei/(0+ep)

This is impossible for large j since

j2(17'y/2)€]~/(1+€]~) < j2(17'y/2)5j — 62(177/2)%' logj _ O(l)

by (3.19).
By (¢)—(iti), E, has the mountain pass geometry and the mountain pass level
c, satisfies

2 o
O<cu§0+0u2<§(1—%>—%|§2]

for all sufficiently small > 0, so £, satisfies the (PS)., condition. So E, has a

critical point u, at this level by the mountain pass theorem. O
Next we prove the following lemma.
Lemma 3.5. If (u;) is a convergent sequence in H(Q), then

P
sup | ——dxr < o
i Ja lz|
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forall >0 and 0 < v < 2.

Proof. Let u € Hg(2) be the limit of (u;). Since uf < (|uf + |u; — ul)* < 2u® +

8-z \
£ dx| .
!3?|” \W /Q |z

The first integral on the right-hand side is finite, and the second integral equals

4B lus—ul?w?
—duz,
Q ||

where w; = (u; — u)/ ||u; — u||. Since ||w,|| =1 and ||u; — u|| — 0, this integral is

2 (uj - u)zv

bounded by (1.1). O

Now we show that u,, is positive in €2, and hence a solution of problem (1.9),
for all sufficiently small p € (0, o). It suffices to show that for every sequence
i >0, pj — 0, a subsequence of u; = u,; is positive in 0. By (3.20), a renamed
subsequence of ¢, converges to some c satisfying

2
bee<T(1o7Y.
o 2

Then a renamed subsequence of (u;) converges in Hj(f2) to a critical point u of
Ey at the level ¢ by Theorem 3.1. Since ¢ > 0, u is nontrivial.

Since u; is a critical point of E, ,
J

a (u))?

e
—Auj = Muj —— T + 15 9(u;)
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in Q. Let 2<p<2/yand 1 <r < 2/yp. By the Holder inequality,

p 1/q eprau? 1/r
/ u drx < (/ |u; P dm) ——dx :
0 Q Q |z

where 1/q+ 1/r = 1. The first integral on the right-hand side is bounded by the

+1\2
ea(uj)

b
J

[

Sobolev embedding, and so is the second integral by Lemma 3.5 since ypr < 2, so
uy e (“j)g/]xﬂ is bounded in LP(Q2). By (1.10) and Lemma 3.5 again, g(u;) is also
bounded in LP(£2). By the Calderon-Zygmund inequality, then (u;) is bounded in
W2P(Q). Since W2P(Q) is compactly embedded in C*(Q) for p > 2, it follows that
a renamed subsequence of u; converges to u in C1(Q).

Since u is a nontrivial solution of the problem

u=>0 on 0f),

u > 0 in € by the strong maximum principle and its interior normal derivative
Ou/Ov > 0 on 99 by the Hopf lemma. Since u; — u in C1(Q), then u; > 0 in Q

for all sufficiently large j. This concludes the proof of Theorem 1.3.
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