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ABSTRACT
Title:
Optimal Control of Coefficients for the Second Order Parabolic Free Boundary Problems
Author:
Ali Hagverdiyev

Major Advisor:

Ugur G. Abdulla, Ph.D., Dr.Sci., Dr.rer.nat.habil.

Dissertation aims to analyze inverse Stefan type free boundary problem for the second
order parabolic PDE with unknown parameters based on the additional information given
in the form of the distribution of the solution of the PDE and the position of the free
boundary at the final moment. This type of ill-posed inverse free boundary problems
arise in many applications such as biomedical engineering problem about the laser ab-
lation of biomedical tissues, in-flight ice accretion modeling in aerospace industry, and
various phase transition processes in thermophysics and fluid mechanics. The set of un-
known parameters include a space-time dependent diffusion, convection and reaction co-
efficients, density of the sources, time-dependent boundary flux and the free boundary.
New PDE constrained optimal control framework in Hilbert-Besov spaces introduced in
U.G. Abdulla, Inverse Problems and Imaging, 7, 2(2013), 307-340; 10, 4(2016), 869-898
is employed, where the missing data and the free boundary are components of the control
vector, and optimality criteria are based on the final moment measurement of the temper-
ature and position of the free boundary, and available information on the phase transition
temperature on the free boundary. The latter presents a key advantage in dealing with ap-
plications, where phase transition temperature is not known explicitly, but involve some
measurement error. Another advantage of the new variational approach is based on the
fact that for a given control parameter, Stefan boundary condition turns into Neumann
boundary condition on the given boundary, and parabolic PDE problem is solved in a
fixed domain, and therefore a perspective opens for the development of numerical meth-
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ods of least computational cost. Discretization of the optimal control problem via method
of finite differences is pursued and the sequence of finite-dimensional optimal control
problems are introduced. The results of the dissertation are different depending on the
structure of the unknown diffusion coefficient. In the case if it is only time-dependent,
the well-posedness of the optimal control problem is established in Hilbert-Besov spaces.
Existence of the optimal control and convergence of the sequence of the discrete optimal
control problems to the continuous optimal control problem both with respect to func-
tional and control is proved. The methods of the proof are based on uniform H'-energy
estimates in discrete Sobolev-Hilbert norms, weak compactness argument, Weierstrass
theorem in weak topology and weak convergence of the bilinear interpolations of the so-
lutions of the discrete PDE problems to the solution of the optimal PDE problem in the
class of weakly differentiable functions. To prove similar results in the case when un-
known diffusion coefficient is space-time dependent, a new Banach space is introduced.
The motivation for the new space is dictated with the optimal result on the convergence
of the bilinear interpolations of the grid functions in the class of weakly differentiable
functions, and establishment of the discrete H!-energy estimate under minimal assump-
tions on the diffusion coefficient. Existence of the optimal control and convergence of the
sequence of discrete optimal control problems to the continuous optimal control problem
both with respect to functional and control is proved in the setting of the new Banach

space.
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List of Notations

Let U be open subset of the real line R.

e The Sobolev-Besov space B’;(U ), fork=1,2,... is the Banach space of L,(U) func-
tions whose weak derivatives up to order k exist and are in Lp(U). The norm in

BA(U) is
k

2 .
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i=0
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e Fort¢Z,, Bg(U ) is the Banach space of measurable functions with finite norm
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When | = ¢, = ¢, the corresponding Besov space is denoted by Bg(D). égl L)
denotes the closure of the set of smooth functions with compact support with respect
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to x in U under the Bg‘ 2 _norm.

o V5(Q) is the subspace of Bé’O(Q) for which the norm

Oul?

dx

< 00,
L ()

2 2
u =esssup||u(-,t +
il = essSupliuC, I,y ) ‘

) Vzl’o(Q) is the completion of Bé’l(Q) in the V,(€2) norm. VZI’O(Q) is a Banach space

with norm

2
llul® 1o Ou
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In the next section we describe the new variational formulation of this inverse problem.
Let U be open subset of the real line R and and D = U X (0,T).

L (D) - Banach space of essentially bounded real-valued measurable functions on D with

norm

|zl LoDy = esssup |u(x,1)| < +oo0
(x,t)eD

L (D) - Banach Space with the following norm (here y > 1):

T 1
lullL.. 0) = (f esssup |ul” dt)y
0

0<x<l

L»[0,T] - Hilbert space with scalar product

T
(u,v):f uvdt
0

W’z‘[O, T),k=1,2,... - Hilbert space of all elements of L,[0,7] whose weak derivatives up
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to order k belongs to L,[0, 7] and scalar product is defined as
d*ud’v
(v = f Z ar v’
1
W24 [0,T] - Banach space of all elements of L,[0, 7] with finite norm

il ”u” f flu(t) u(t)? )%
1 L,[0,T]
wio.r ? =t

L>(€)) - Hilbert space with scalar product

(u,v):fuvdxdt
Q

Wzl’O(Q) - Hilbert space of all elements of L>(£2) whose weak derivative % belongs to

L»(€)), and scalar product is defined as

ou 0v
= — — |dxd
(u,v) fgz(uv+6x6x) xdt
ou Ou

W21 ’I(Q) - Hilbert space of all elements of L,(€2) whose weak derivatives 7, 5; belong to

L>(€)), and scalar product is defined as

oudv Oudv
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V>(€) - Banach space of all elements of WZI’O(Q) with finite norm
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1
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VZI’O(Q) - Banach space which is the completion of WZI’I(Q) in the norm of V,(Q). It

consists of all elements of V,(Q2), continuous with respect to ¢ in norm of L, [0, s(t)] and
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with finite norm
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W22’1(Q) - Hilbert space of all elements of L(€2) whose weak derivatives 7, 7, el
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Chapter 1

Introduction

1.1 Free Boundary Problems

In many important applications arising in science, engineering and economy some partial
differential equation (PDE) or system of PDEs must be solved in a domain which is apriori
unknown. This type of problems are called free boundary problems, where the term free
boundary is associated with unknown portion of the boundary of the domain. Some exam-
ples of free boundary problems are various phase transition processes in fluid mechanics
and thermophysics; growth of cancerous tumor or laser ablation of tissues in medicine;
evolution of the price of American option with random payoff chosen by holder in stock
market; in-flight ice accretion modeling in aerospace industry etc. The classical example
of a free boundary problem in mathematical physics is the so-called Stefan problem. The
Stefan problem is a boundary value problem for the heat/diffusion equation, where the
unknown/free phase transition boundary between two or several phases is changing as a
function of time. Few examples of Stefan problem in applications are the melting of ice,
or freezing of water, the formations of crystals from liquid, or the laser ablation of skin
tissue. The key mathematical feature of the Stefan problem is expressed via additional

condition on the free boundary expressing dynamic of the movement of the free boundary
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in time, in terms of the conservation of energy during the phase transition process. As
an example, consider the classical one-phase Stefan problem about the melting of the ice
[34]: let a semi-infinite block of ice, initially at melting temperature of 0 degrees, starts
melting under the time dependent heat flux f(#) applied on the left end. Then the unknown
temperature profile u(x,¢) and unknown boundary curve s(¢) between water and ice satisfy

the following system of equations:

Uy = Uy, 0<x<s(t),t>0 (1.1)
ux(0,1) = f(v), t>0 (1.2)
u(s(t),) =0, >0 (1.3)
% = —u,(s(1), 1), >0 (1.4)
u(x,0) =0, x>0 (1.5)
5(0)=0 (1.6)

Stefan condition (1.4) expresses the fact that the free boundary is pushed forward due
to jump of the flux on the free boundary during the phase transition. Generalization of the
Stefan problem presents a relevant mathematical model for phase transition phenomenon
in biomedical engineering applications. For example, consider bioengineering problem
about the laser ablation of biomedical tissues in a simplified one-dimensional case where
space variable x is measuring the ablation depth of the tissue. Then the temperature

function u(x, ¢) and the free boundary x = 5(7), measuring the ablation depth at the moment



t, satisfy the general one-phase Stefan problem [42, 62]:

Lit = (a(x. Dity), + e ity +dCx, 0t — sy = £ty — 22 (g’; D ma a7
u(x,0) = ¢(x), 0<x<s0)=: 50 (1.8)

a(0,)ux(0,6) = g(t), 0<t<T (1.9)
a(s(@),D)ux(s(0), 1) +y(s(@),1)s'(t) = x(s(t),1), 0<t<T (1.10)
u(s(r),t)=pu(), 0<t<T, (1.11)

where a, b, ¢, d, f, p, ¢, g, v, x> 1 are known functions with a(x,#) > a > 0, so > 0, and

Q={(x1):0<x<s(), 0<t<T}

In the context of heat conduction, vy represents latent heat released by the melting at the
boundary, y a heat source or sink on the boundary, f and p characterize the density of the
sources, ¢ is the initial temperature, g is the heat flux on the fixed boundary x = 0, and
u is the phase transition temperature. The coefficients a, ¢, and d represent the diffusive,
convective, and reactive properties, respectively, in the domain €.

The 1D Stefan problem has a well-established mathematical theory, and an extensive
list of works on it can be found in [76]. The existence and uniqueness of the classical
solution of the one dimensional Stefan problem is a well known result [34, 40]. For
example, it can be established by reduction to Volterra type integral equations by using
Green’s functions [40]. In the multidimensional case, classical, i.e. smooth solution of the
Stefan problem in general exists in the short time interval only [62]. Local existence and
uniqueness of a classical solution to the multidimensional Stefan problem is established
in [61]. In general, the solution may develop singularities and thus a global solution
will only exist in the weak sense. In the one phase case, in [41, 55], the Stefan problem

is transformed to an obstacle problem and existence and uniqueness of a global weak



solution is proved through the method of variational inequalities. Significant progress
in regularity of free boundaries of the weak solution in the one-phase case are proved
in celebrated papers [30, 31]. A very powerful method of solving the multidimensional
multiphase Stefan problem is based on the transformation introduced in [67, 53]. The
method transforms the free boundary problem into a nonlinear PDE in a fixed domain

with discontinuous coeflicients.

1.2 Inverse Free Boundary Problems

Inverse free boundary problems arise in applications where some or several parameters of
the system are not known, and must be identified along with the solution of the PDE and
the free boundary. Motivation for the inverse free boundary problems in applications is
twofold. First motivation is associated with the development of the mathematical models
of free boundary systems. Identification of various input parameters of such models is
pursued via series of experiments in which some accessible measurements of the system
are taken, and inverse problem on the identification of input parameters which produce
the observed measurements is analyzed. Second motivation arise in problems of control
or design of free boundary systems. It is required to identify input control parameter
which develops the system to desired state, or provides particular design with desirable
features. This type of inverse problems are equivalent to optimal control problems for
free boundary systems with distributed parameters.

Relevance of inverse Stefan type free boundary problems (ISP) appears in two dif-
ferent contexts: ISP with given or unknown free boundary. Consider typical example
of ISP with given free boundary arising in Aerospace Industry for in-flight ice accretion
modeling [45]. Protection of new aircrafts from atmospheric hazards is one of the most
challenging problems in aerospace industry. During the flight aerocraft is exposed to

supercooled droplets forming the ice layer on its surface which may significantly com-



promise aerodynamic performances [45]. In a simplified one-dimensional situation math-
ematical model of in-flight ice accretion is described with Stefan problem (1.7)-(1.11),
where u(x,?) is a temperature and the free boundary x = s(¢) is ice layer depth on the sur-
face of the plane. It is required to select heat flux on the fixed boundary in such a way that
to achieve a desired ice accretion front. The following is the mathematical formulation of
the inverse Stefan problem with given free boundary:

Inverse Stefan Problem (ISP) with known free boundary : given the free boundary
s(t), find the temperature function u(x,7) and the boundary heat flux g(7), which satisfy
the conditions (1.7)-(1.11).

ISP with known free boundary is similar to the non-characteristic Cauchy problem for
the heat equation. It is not a well-posed problem in the sense of Hadamard. Existence
of the solution is conditioned on the coordination of the data. Even if solution exists, it
may be non-unique, and there is no continuous dependence of the solution on the input
data. Historically, ISP with known free boundary was first considered in the paper [33]. A
posteriori estimate of the error in the position of the free boundary is determined without
the assumption of the existence of a solution of the stated problem, and an a priori bound
is derived in the case a solution exists. The most popular methods for solving ISP with
known free boundary is based on variational formulation in an optimal control framework.
Historically, variational method for the solution of the ISP with known free boundary was
first developed in [26, 27, 28]. Optimal control problem for the minimization of the cost

functional

T s(t)
J(@)= f f Jur (x,1) — up (x,)|* dxdt (1.12)
0 0

over the control set g € G is analyzed, where the state vectors u; = u1(x,t;g) and up =
ur(x,t; g) are weak solutions of the parabolic initial bondary value problems (1.7)—(1.10)
and (1.7),(1.8),(1.9),(1.11) respectively. Hence, Stefan condition (1.10), and phase tran-
sition temperature boundary condition (1.9) are assigned to two different initial boundary
value problems as a Neumann and Dirichlet boundary conditions imposed on a given free
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boundary x = s(¢), respectively. Optimal control parameter g(¢) is searched via minimiza-
tion of the mismatch between two solutions u; and u;. In [27] existence of the optimal
control is proved and gradient method based on Frechet differentiability is suggested.
Uniqueness of the solution is proved in [28] under various smoothness assumptions on
the data.

Alternative variational formulation in an optimal control framework for solving ISP

with known free boundary can be posed as a minimization of the cost functional

T
T = fo (501, o) (1.13)

over the control set g € G, where the state vector u = u(x,t;g) solves parabolic Neu-
mann boundary value problem (1.7)—(1.10). In this formulation, Stefan condition is
assigned as a Neumann boundary condition on the given free boundary, and optimal
boundary heat flux on the fixed boundary x = 0 is searched through minimization of
the mismatch of the trace of the solution of the parabolic Neumann problem on the
given free boundary from the phase transition temperature. This approach turned to
be the most popular approach for solving ISP with known free boundary. The main
methods were functional-analytic methods for proving existence and uniqueness of so-
lutions, necessary conditions of optimality, Frechet differentiability in functional set-
ting, Tikhonov regularization and development of numerical methods based on gradi-
ent type methods in functional spaces were developed and successfully implemented in
[21, 23, 35, 37, 38, 48, 72, 43, 68, 69, 36, 82, 54, 83, 45].

ISP with unknown free boundary is more relevant in many applications. For exam-
ple, consider the modeling of bioengineering problem on the laser ablation of biological
tissues through the Stefan problem (1.7)—(1.14), where s(¢) is the ablation depth at the
moment ¢. Assume now that some of the data is not available, or involves some measure-

ment error. For example, assume that the coefficients a, ¢ and d, heat flux g on the fixed



boundary x = 0 and the “regular part” of the density of heat sources, f are unknown and
must be found along with the temperature u# and the free boundary s. The unknown pa-
rameters of the model are very difficult to measure directly through experiments. In order
to find the unknown parameters inverse problem must be solved based on the available
measurements taken in the lab experiments. For example, assume that this information
is provided in the form of a measurement of temperature and the position of the free

boundary at the final time r =T,

u(x,Ty=w(x), 0<x<s(T)=:3§ (1.14)

and consequently, ISP must be solved for the identification of some, or all, of the unknown
parameters a, b, ¢, g, f, etc. Alternatively, measurement can be taken on a fixed boundary
x=0:

u0,0)=v(r), 0<t<T (1.15)

Still another important motivation arises from the optimal control of the laser ablation
process. A typical control problem arises when unknown control parameters, such as the
intensity of the laser source f, heat flux g on the known boundary, and the coefficients
a, ¢ and d, must be chosen with the purpose of achieving a desired ablation depth and
temperature distribution at the end of the time interval.

The following is the mathematical formulation of the general Inverse Stefan Prob-
lem (ISP) with unknown free boundary: find functions u(x,?) and s(¢), the boundary
heat flux g(¢), density of sources f(x,?), and coefficients a(t), c(x,t), d(x,t) satisfying
conditions (1.7)—(1.14) (or (1.7)—(1.11), (1.15)).

Furthermore across the dissertation ISP with unknown free boundary will be referred
simply as ISP. ISP is heavily ill-posed problem, and as such the properties of existence
and uniqueness of solution, and property of continuous dependence of solution on the data

may be violated. Historically, the first result on ISP appeared in [78] in optimal control



framework. Precisely, it analyzed the problem on finding external temperature on the
fixed boundary x = 0, to ensure that the solution of the one-phase Stefan problem for the
heat equation are close to measurements taken at the final moment. In [78] existence of the
optimal control was established. For the same problem in [81] the Frechet differentiability
and the convergence of the difference schemes was proved and Tikhonov regularization
is implemented.

Research on the optimal control of Stefan type free boundary problems, or equiva-
lently ISP with unknown free boundaries was pursued in [22, 39, 48, 49, 51, 52, 56, 60,
66, 64,70, 71,75, 43, 44, 24, 46, 47]. Summarizing the research development up to 2012
one can observe that the main methods used to solve the ISP are based on variational for-
mulation, method of quasisolutions or Tikhonov regularization which takes into account
ill-posedness in terms of the dependence of the solution on the inaccuracy involved in the
measurement, Frechet differentiability and iterative gradient type methods for numerical
solution. For example, typical variational formulation of the ISP with unknown flux on
the known boundary x = 0, or equivalently optimal control of Stefan problem arising in
bioengineering problem on the laser ablation of tissues, would be minimization of the

cost functional

s(T)
I(g9) =P fo u(x, T) = w(x)|* dx+ B2 |s(T) - 51 (1.16)

in certain control set G, where the state vector u = u(x,t;g) is a solution of the Stefan
problem (1.7)-(1.11). As it is mentioned in [1, 2], despite effectiveness, this approach has

some deficiencies in many practical applications:

e Solution of the inverse Stefan problem is not continuously dependent on the phase
transition temperature u(¢): small perturbation of the phase transition temperature
may imply significant change of the solution to the inverse Stefan problem. Accord-

ingly, any regularization which equally takes into account instability with respect to



both w(x) and s(7') from measurement (3.10), and the phase transition temperature
u(t) from (3.5) will be preferred. It should be also mentioned that in many appli-
cations the phase transition temperature is not known explicitly. In many processes
the melting temperature of pure material at a given external action depends on the
process evolution. For example, gallium (Ga, atomic number 31) may remain in

the liquid phase at temperatures well below its mean melting temperature ([62]).

e Numerical implementation of iterative gradient type methods within the existing
approach requires solving the full free boundary problem at every step of the iter-
ation, and accordingly has quite a high computational cost. An iterative gradient
method which requires solution of the boundary value problem in a fixed region at
every step would definitely be much more effective in terms of the computational

cost.

In recent papers [1, 2] a new variational approach is developed based on the optimal
control theory which is capable of addressing both of the mentioned issues and allows the
inverse Stefan problem to be solved numerically with least computational cost by using
gradient methods in Hilbert spaces. The main idea of the new variational formulation is
that the unknown free boundary x = s(f) is treated as a control parameter. Having the
free boundary s as one of the components of the control vector, for any given control,
state vector is taken as a solution of the Neumann initial boundary value problem for
the parabolic PDE in a fixed domain. Moreover, Stefan condition turns into Neumann
boundary condition on the fixed boundary, and the second condition on the free boundary
expressing phase transition temperature is added to the cost functional to express the
criterion for the mismatch of the temperature on the free boundary vs phase transition
temperature. The latter addresses the first concern raised above, while the former settles
down a framework for the development of the iterative methods with least computational
cost.

In [1] the new variational framework is introduced for the ISP with unknown boundary

9



flux function g(7). The existence of the optimal control and convergence of the family of
time-discretized optimal control problems to the continuous problem is proved. In [2] full
discretization through finite differences is implemented and convergence of the discrete
optimal control problems to the continuous problem both with respect to cost functional
and control is established. The new variational formulation introduced in [1, 2] employs
a Sobolev spaces framework which allows to reduce the regularity and structural require-
ments on the data. In [8] the new variational formulation and results of [1, 2] is extended
to solve ISP with unknown parameters a(¢), c(x,1),d(x, 1), f(x,t), g(t). Frechet differentia-
bility and derivation of the necessary condition for optimality in a new variational formu-
lation of the ISP is addressed in [3, 4]. In [3] ISP with unknown boundary heat flux g
and the unknown density of the sources f is analyzed in the optimal control framework
introduced in [1, 2]. Frechet differentiability in Besov spaces is proved, and the formula
for the Frechet differential, expressed in terms of the adjoined PDE problem, is derived
under minimal regularity assumptions on the data. The result of [3] implied a necessary
condition for optimal control and opened the way to the application of projective gradi-
ent methods in Besov spaces for the numerical solution of the ISP. In [4] the results of
[3] are extended to ISP with unknown parameters a(x,?),c(x,1),d(x,1),g(t), f(x,1),g(¢). In
[5] computational analysis of ISP with unknown boundary flux g is pursued via gradient
descent algorithm in Hilbert-Besov spaces based on Frechet differentiability results and
Frechet gradient formula derived in [3]. Primarily by applying the Frechet differentiabilty
result of [4], in [8] computational analysis based on gradient descent method is performed
for ISP with unknown time-dependent diffusion coefficient a(z).

The new variational approach developed in [1, 2] is not applicable to the inverse mul-
tiphase Stefan problem. The reason is that the Stefan condition on the phase transition
boundary includes the flux calculated from both phases. Therefore, it can’t be treated
as a Neumann condition, even if we include the free boundary as one of the control

components. In [6] a new approach was developed based on the weak formulation of

10



the multiphase Stefan problem as a boundary value problem for the nonlinear PDE with
discontinuous coefficient. The optimal control framework was applied to the inverse mul-
tiphase Stefan problem with non-homogeneous Neumann conditions on the fixed bound-
aries in the case when the space dimension is one. Existence of the optimal control
is proved. Optimal control problem is discretized and convergence of the sequence of
finite-dimensional discrete optimal control problems to original optimal control problem
is established both with respect to functional and control. In [9], the results of [6] are
extended to the case of general second order parabolic PDEs. Multiphase ISP with un-
known boundary flux g is transformed to boundary optimal control of singular parabolic
PDE problem with time-derivative term being a distributional derivative of the maximal
monotone graph. Existence of optimal control and convergence of sequence of discrete
optimal control problems is proved. In a recent paper [7] the new method of [6] is devel-
oped to solve multi-dimensional and multiphase inverse Stefan problem with unknown
source density function f(x,t). The method transforms the problem to boundary optimal
control problem for the singular PDE with measure coefficient in the time derivative term.
Existence of the optimal control and convergence of the sequence of discrete optimal con-
trol problems to the continuous problem both with respect to the functional and control
is proved. The proof is based on establishing a uniform L., bound, and Wzl’l-energy esti-
mate for the discrete multiphase Stefan problem, and delicate results on the convergence

of suitable interpolations of the discrete solutions.
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1.3 Formulation of the Open Problem and Outline of Main

Results

Consider optimal control problem on the minimization of the cost functional

s(T) 5 T 5
JT) =Bo fo u(x, T) = w(x)P dx+p fo Ju(s().0) = ()| dt

+B21s(T) - 52, (1.17)
on the control set
Ve={v=(s.g.fiacd)eH: §<5(), 500)=s0, S0 =0, a(x.0) 2 a. Wy <R}, (1.18)

where u = u(x,t;v) is a solution of the following Neumann problem for the second order

parabolic PDE
(a(x,Huy) +c(x, Huy +d(x,)u —u; = f(x,1) - %, O<x<s(t),0<t<T (1.19
u(x,0) =¢(x), 0<x<s(0) (1.20)

a(0,Nu(0,1)=g(), 0<Lt<T (1.21)

a(s(®),0)ux(s(),1) +y(s(®),0)s" (1) = x(s(0),1), 0<t<T (1.22)

where p, ¢, v, x, 4, w are known functions, 8; € R,i = 1,2,3 and H is some suitably chosen
Banach space of vector-function v.

Optimal control problem (1.17)-(1.22) is a variational formulation of the general In-
verse Stefan Problem with unknown parameters g, f,a, c,d. It was introduced in [1, 2] as
a new variational formulation of ISP with unknown boundary flux g. It is essential to note
that optimal control problem (1.17)-(1.22) can be adjusted to be a variational formulation

of the ISP with known free boundary x = s(¢). In this case one have to remove s(¢) from
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the control set Vg, and set up o =52 =0, B1 = 1 in (1.17). The aim of the dissertation is
to generalize the results of [1, 2] to the case of the optimal control problem (1.17)-(1.22).

The main goal is the following:

e Prove existence of the optimal control under minimal conditions on the input data

and control parameters;

e Introduce discretization via method of finite differences and prove the convergence
of the sequence of finite-dimensional optimal control problems to the original opti-

mal control problem both with respect to functional and control;

In Chapter 2 the general Inverse Stefan Problem with unknown parameters such as
time-dependent diffusion coefficient a(¢), space-time dependent convection coefficient
c(x,1), reaction coefficient d(x,7) and density of sources f(x,t), boundary heat flux g(7)
and a free boundary s(¢) is considered. Optimal control problem for the free boundary
system with distributed parameters for the second order parabolic equation in Hilbert-

Besov space

H = By(0,T) X By*(D) x By™(D) x Ly(D) X B3(0,T) x B5(0,T)

is introduced, where unknown parameters and the free boundary are components of the
control vector, and the state vector is the weak solution of the parabolic Neumann problem
in Sobolev-Hilbert space Bé(D). Optimality criteria are based on the final moment mea-
surement of the temperature and the position of the free boundary, and the temperature on

the phase transition boundary.

e  Existence of the optimal control is proved. The methods of proof are based on
energy estimates in Sobolev-Hilbert spaces, weak continuity of the cost functional

and Weierstrass theorem in weak topology of the Hilbert-Besov spaces.

e  Method of finite differences is implemented and space-time discretization of the
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optimal control problem is introduced. Convergence of the sequence of the finite-
dimensional discrete optimal control problems to the original optimal control prob-

lem both with respect to functional and control is proved. Namely,

— it is proved that the sequence of infima of the discrete optimal control prob-

lems converge to the infimum of the original optimal control problem,

— It is proved that sequence of interpolations of the discrete optimal controls
converge to the optimal control in a weak topology of H, and the sequence of
multi-linear interpolations of the discrete PDE problems associated with dis-
crete minimizers converge weakly in the class of weakly differentiable func-
tions to the solution of the PDE problem associated with optimal control. The
methods of the proof are based on establishing two energy estimates in dis-
crete Sobolev-Hilbert spaces, use of weak compactness criteria, and delicate

interpolation results in Sobolev spaces.

The results of Chapter 2 are published in [8]. It presents solution of the general ISP or
equivalently optimal control of parameters (a,c,d, f,g) for the second order Stefan type
parabolic free boundary problems. One of the most challenging problems in optimal con-
trol of systems with distributed parameters described by elliptic and parabolic PDEs is the
problem where control parameter is a diffusion or heat conduction coefficient. Mathemat-
ical difficulties are associated with the fact that the diffusion coefficient is embedded in
terms with second order spatial derivatives in state PDEs, and therefore they provide high
sensitivity and ill-posedness with respect to small errors in measurements. The results of
Chapter 2 are valid when diffusion coefficient component a of the control vector is only
time dependent. The methods developed in Chapter 2 are not applicable to the case when
diffusion coefficient depends on both time variable ¢ and spatial variable x.

In Chapter 3 we consider the Inverse Stefan Problem with unknown space-time de-

pendent diffusion coefficient a(x, 7). Dissertation introduces a new Banach space
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Wyl (D)nWL(D)) x B(0,T).

Following the new variational formulation introduced in [1, 2], ISP is formulated as a

parabolic PDE constrained optimal control problem with control vector (a(x,1), s(t)) in a

Banach space H. The following are the main results of the Chapter 3:

Finite difference discretization of the optimal control problem is carried out and
sequence of finite-dimensional optimal control problems is introduced. Conver-
gence of the sequence of discrete optimal control problems to continuous optimal

control problem both with respect to functional and control is proved.

Convergence of the sequence of multi-linear interpolations of the minimizing
discrete optimal control parameters to optimal diffusion coefficient a(x,?) in a weak
topology of W21 (D) is proved. Convergence of the multi-linear interpolations of
the associated discrete PDE problems to the optimal state PDE problem in a weak

topology of the space of weakly differentiable functions is established.

H'-energy estimates are proved for the solutions of the discrete and continuous
.. . = 1,1 . . .

PDE problems under the minimal assumption a € W, (D). Primarily by applying

energy estimate, and new interpolation results, existence of the optimal control is

proved.

The results of Chapters 2 and 3 can be extended to ISP, and associated optimal control

problem with unknown parameter vector (a(x,?),c(x,1),d(x,?), f(x,1),g(¢), s(t) in the Ba-

nach space

H =Wy (D)nWL(D)) x By (D) x BY*(D) x Ly(D) x BY(0,T) x B3(0,T)
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Dissertation is outlined as follows. In Section 2.1 variational formulation of ISP with
unknown parameter vector (a(?),c(x,t),d(x,t), f(x,t),g(t) is presented. Section 2.2 in-
troduces space-time discretization of the optimal control problem via method of finite
differences, and formulates finite-dimensional discrete optimal control problems. Main
results of the Chapter 2 and respective assumptions on the data are presented in Section
2.3. Some essential preliminary results are summarized in Section 2.4. In Section 2.5
proofs of the main results are carried out. In Section 2.5.1 energy estimates and com-
pactness results are proved. Finally, in Section 2.5.2 proof of the existence of the optimal
control and convergence of the discrete optimal control problems to the original optimal
control problem are completed. In Section 3.1 of Chapter 3 general ISP with unknown
space-time dependent diffusion coefficient is formulated. Section 3.1 presents variational
formulation of the ISP with unknown vector (a(x, 1), s(f) as an optimal control problem
in the new Banach space. Discretization via finite differences is pursued in Section 3.3,
where sequence of finite-dimensional optimal control problems are introduced. Main re-
sults of Chapter 3 and respective assumptions are formulated in Section 3.4. Section 3.5
describes some preliminary results. Proofs of the main results are described in Section
3.6. Section 3.6.1 proves the first energy estimation and Vzl’o-approximation theorem.
In Section 3.6.2 the second energy estimate and the existence of the optimal control is
proved. Section 3.6.3 presents the proof of the main convergence theorem. Finally, main
conclusions of the dissertation are outlined in Section 4.1 of Chapter 4. Section 4.2 lists

research publication and conference presentations.
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Chapter 2

Optimal Control of Coeflicients in

Parabolic Free Boundary Problems

Results of this Chapter are published in [8].

2.1 Variational Formulation of ISP

Let R,6 >0, 0 < e < 1. We introduce the following control set:

Vi = {v =(s,g, f,a,c,d)e H: 6 < s(t), s(0) =59, s'(0)=0, a(r) > a,

Mg <R},
H = B3(0,T)x B3(0,T) x Ly(D) x B3(0,T) x By*“(D) x By*(D),
Vllg = maX(HsllBg(o’T); ”gllgé(oj); ”f”Lz(D); ”a”Bé(O,T); ||C||B;+E(D);

”d”Bé“(D))
where we define D as follows

D:={(x,0):0<x<¢(,0<t<T},

17
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here £ = £(R) > 0 and it is chosen so that v € Vg, s satisfies s(¢) < £. Such ¢ exists due to

Morrey’s inequality [58, 25]. We extend f € Ly(D) to Lr(R?) by zero.
Definition 2.1.1. Fix 8; > 0, i = 0,1,2. Define by problem 7 the minimization of the

following functional

s(T) 5 T 5
T = Bo fo u(x, T) = wx)P dx+p fo Ju(s(0).0) = p(r)|” dt

+B2|s(T) - 5 (2.3)

over the control set Vi, where the state vector u = u(x,t;v) solves (1.7)—(1.10).
Definition 2.1.2. We call u € B;’I(Q) to be a weak solution of the problem (1.7)—(1.10) if

u(x,0) = ¢(x) € B3(0, 50) and

T s
Ozf f [abu, D — cu, @ — dud + u,® + fO + pd,|dxdt
0 0

T

T
+ fo [y(s(2),1)s" (1) — x(s(2),1)] ®(s(2), 1) dt + fo g®)®(0,1)dt 2.4)

for any @ € Bé’l(Q).
Definition 2.1.3. u € V() is called a weak solution of the problem (1.7)—(1.10) if

u(x,0) = ¢(x) € B3(0, 50) and

T s(t)
0= f f [abu, @, — cu, ® — du® + u,® + fO + pdD,|dxdt
0 0

5(0)

T
- A(x)D(x,0)dx + f g(HD(0, 1) dt
0 0

T
+ fo [y(s(2),1)s"(t) — u(s(0),1)s" (1) = x (s(2), 1) | D(s(2), 1) dt (2.5)

for any @ € By’ (Q) with ®(x,T) = 0.
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2.2 Discrete Optimal Control Problem

Let

W = {tj =jt, j= O,l,...,n}
be agridon [0,7] and 7 = % Following standard notations will be used for {d;},

dy — dj_ div17— diy
dij= % diy =div1r, dii = % (2.6)

Next we introduce the spatial grid in a following way. Let [s], € R""! be a discrete
boundary and (po, p1,...,pn) be a permutation of (0, 1,...,n) corresponding to the order
Spy < 8p; <+ < Sp,. For arbitrary k there exists a unique ji such that sy = s, . Instead of
subscript j; we are going to use subscript j. Let

Wpy ={xi: x; = ih, i=0,1,...,m{")

be a grid on [0, s,,] and / = :;% We will impose the following assumption on the grid
0
h=0(V1), ast—0. (2.7)

Construction of the spatial grid is carried out by induction. Based on wj,_, on [0, s, ]

we construct

wp, =f{xi:i= 0,1,...,m,(€")}

(n)

on [0, s, ], where n, 1

and inequality is strict if and only if s, > sp, ,;fori<m

points x; are the same as in grid w,,_,. If 5, <, then we define a grid on [s,,]

©={xi:x;=sp, +Gi-m™h, i=m™,...,N}
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](Cn) =my.

with the stepsize of order A, i.e. h = O(h) as h — 0. For simplicity we will write m
Let

h,-:x,-+1—x,-, i=0,1,...,N—1;

We denote wy, to be the space grid on [0, £] and set

Assume that my — +o00, as n — oo. We define Steklov averages of c,d, p, f,b,w,a,v,u, g

as follows

Xi+1

1 (& - 1 -
hy = —f h(tydt, b;=— b(x)dx,
T hi Jy,
1 Xi+1 Tk
Cik = —f f c(x,)dtdx,
hiT Xi th—1

where i =0,1,...,N—1; k= 1,...,n; ¢ stands for any of the functions c, d, p, or f; b
stands for b ,w; and & stands for a, v, u, g, etc. We define the discrete control set Vl’g ina

following way

V;é = {[V]n = ([s]n, [g]n» [f]nN’ [aln, [cln, [d]n) € H:¢6 < Sk a < ag;

Iv1allz < R} (2.8)

where

H - Rl’l+1 xR}’l+1 anNerH—l XR’H—I XRI’Z+1

Il 5= i (5Tl Wl g I Dol ol Wl el )
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and

n—1 n n—1

=1 112 =2 =2 2 2 2
gl = D78+ ) w&ip Mislallyy = skl + > 75t
k:O k:l k=1
n N-1 n
2 2 ) _ 2
Iz, = > D thifz, e, = D e,
k:l 1:0 k:O

where s, = 5o for k < 1, g represents a or g, and ¢ represents c or d. Let {¢, k=0,1,...}
be an orthonormal set in Bé“(D). We denote the inner product on the Hilbert space
Bé*f(D) by (-,-) Blve: Next, we are introducing the following mappings @, and $,, between
continuous and discrete control sets: Define Q,(v) for v € Vg by s = s(tx) fork=2,...,n,

gk = g(ty) and ay = a(ty) for k=0,1,...,n, and

1 U Xi+1
fik f f(x,t)ydxdt, k=0,...,n,i=0,...,N,

- hit k-1 Y X
Cr = (E,wk>B;+e fork=0,1,... where ¢ represents c or d. Define P, ([v],) =V =(s",¢", f",a",c",d") e

H for [v], € Vi by

T 1 2
s"(t) = Sg-1 +(t—lk—1 - 5)Sk-1,f+ E(t—tk—l) Sk—1jt» =1 <1< 1, (2.9)

a'(t) = ax—1 + ag f(t — 1), tret <t <1y,

10 = fi, Xi S X <Xy, i1 St<ty, i=0,N-1

c'(x,1) = Z CrYi(x,0)
k=0

for any k = 1,n where @ represents a or g, and ¢ represents c or d. Givenv = (s, g, f,a,c,d) €

Vr. We also introduce the Steklov averages of traces by

y y
X'= %fk x(s@),ndt,  (yes)k = %fk y(s(®),0)s’(H)dt, k=1,2,....n  (2.10)

Ti—1 Ti—1
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For any [v], € Vl’g we introduce Steklov averages )(’;n and (ysn(s”)’)k by (2.10) with s

replaced by s". The Steklov averages cj;, and dj; are defined by

1 Tk Xit1
Cik = —f f c"(x,n)dxdt. 2.11)
hit th—1 Jx;i

Here ¢ represents ¢ or d. Definition of a discrete state vector is given through discretiza-

tion of the integral identity (2.4)

Definition 2.2.1. Given discrete control vector [v], € Vi, the vector function
[u(@1:)1n = @(0),u(1),...,u(n)), u(k) = (uo,...,uy) € ReN', k=0,...,n

is called a discrete state vector if

(a) The first mg+ 1 components of the vector u(0) satisty u;(0) = ¢; := ¢(x;), i=0,1,...,mo;

(b) For arbitrary k=1,...,n first m;+ 1 components of the vector u(k) solve the following
system of m + 1 linear algebraic equations:

h? h?
[boak + /’ZCOk - hzd()k + ?]uo(k) - [boak + thk]ul (k) = ?uo(k - 1)

—h? for — hg} — hpor,

hZhi_y

[bi—lakhi +biaghi_1 + cighihi—1 — dikhl'zhi—l +

Juitie)

T

—bj1axhiui-1 (k) = [biarhi-y + cichihi Jui1 () = =h}hicy fi
Zhi_| -
+/’lih,‘_1p,’k’;€+ —uik—1), i= 1,...,mj— 1
T

=Dy 1 gt 1 (K) + by 1@t (K) = =t 5V x| (212)

(¢) For arbitrary k =0, 1,...,n, we define the remaining components of u(k) as u;(k) =

i(x;;k) formj <i < N. Here ii(x;k) € Bé(O,f) is a piecewise linear interpolation of
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{ui(k) : i=0,...,mj}, 1.e
i/\t(-x;k) = ul(k) +ulx(k)(x_xl)7 Xi <x< xi+lai = O,---7mj_ 17
iteratively continued for 0 < x < oo as

nck) =02 sk —x:k), 2" Mk < x < 2spn=1,2, ... (2.13)

It is enough to consider n* = 1 +log, [é] reflections to cover [0,£]. Note that for any

k=1,2,...,n system (3.19) is equivalent to the following summation identity

mj—l
Z hi[biakuix(k)mx — Cirtix(K)n; — dicui(k)m; + funi + piknix + u,;(k)m]

H (Y =X s + gm0 = 0, (2.14)

for arbitrary numbers n;, i = 0,1,...,m;.

Definition 2.2.2. Denote by problem 7, the minimization of the functional
my—1 2 n ’
(1) =Bo Y hiluim)=wi) +B17 Y (tn (k) = i) +B2lsn — 512 (2.15)

i=0 k=1

on the set Vi subject where the state vector [u([v],)], satisfies Definition 3.3.1.

From now on we are going to use piecewise constant and piecewise linear interpola-

tions of the discrete state vector: given discrete state vector [u([v],)],, let

W (x,f) = axk), ift<t<t, 0<x<¢ k=0,n,

i (x,0) = (e k— 1) + 0 k)(t—15—1), if o <t<tr, 0<x <,
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fork=1,n,

a'(x,t)=i(x;n), ifr>T,0<x<¢.

i (x,t)=uik), iftr1<t<ty, xi<x<xip1, k=1,n,i=0,N-1.

Standard notations for difference quotients of the discrete state vector are employed:

e (k) = M 0 = 0 —Zl-(k— )

etc.
Let ¢" be a piecewise constant approximation to ¢:

#"(x) =i, xi<x<xiy1,i=0,....N—1

2.3 Main Results

Here are our assumptions on functions b, w, ¢, u, p,x,y

be BL(0,1)

we L5(0,0), x,y € By (D), ¢ € Bj(0,50), p € L>(0,T), p € BY (D).

where Ds = (0,0) X (0,7T). Note that the distributional derivative % is understood in the
sense of measures. Extend arbitrary u € L5(0,7T) to Ly(R) by zero. Now we are going to

state the main result of Chapter 2:

Theorem 2.3.1 (Existence of an Optimal Control). Problem I has a solution. That is,
V.= {VGVR:j’(v):J* =: infj(v)}¢0)
veVp

Theorem 2.3.2. 7, approximate the continuous problem I with respect to functional in
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the sense that

n—0oo

lim I, = J., wherel, = in’fln, and J, =inf I
VR Ve

Moreover, the sequence I, approximates I with respect to control in the sense that if

[uln,e € Vi is chosen such that
I <L,([Vlne) <I,+€,, wheree, |0

then the sequence V' = (s",g", f",a",c",d") = Pu([Vlne) converges to an element v, =
(S4s 8 fror s, Cx,dx) € Vi weakly in B5(0,T)X By(0,T)x Ly(D)x By(0,T)x By *(D)x B *(D),
and (s",g",a",b",c") converge strongly in B;(O, TYX L2(0,T)X Ly(0,T) X Lo(D) X Lp(D).

Moreover, s" converges to s, uniformly on [0,T]. For any ¢ > 0, define
Q' =Qn{x<s()-6,0<t<T}

Then the piecewise linear interpolations ii" of the corresponding discrete state vectors
[[Vlnel, converge to the solution u(x,t;v,) € Bé’l(Q*) of the Neumann problem (1.7)—

(1.10) weakly in By ().

2.4 Preliminary Results

Lemma 2.4.1. For arbitrary sufficiently small € > O, there exists ne such that

Q,(v) e Vy, forallve Vg_¢, n> ne (2.16)

Pu([v]n) € VRse, for all [v], € Vg, n> ne 2.17)

Proof. The first two entries of either @,(v) for v € Vg_¢ or Py([v],) for [v], € Vi are
estimated as in [2, Lem. 2.2]; therefore we are going to focus on estimating the com-

ponents corresponding to f, a, ¢, and d in both. We will carry out estimation for d
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component and will omit the details for ¢ component due to similarity. Fix v € Vg_¢
and let ([s1,, [g]n, Lf1uns [alns [cns [d]n) = Qu(v). Estimation for a(f) term is performed as
for g(¢) term in [2, Lem. 2.2] since both a(¢) and g(¢) terms belong to Bé. By Cauchy-

Bunyakovski-Schwarz (CBS) inequality,

n N-1

5 Xit+1 Tk )
i, < Y)Y [ [ e dras
k=1 i=0 ¥'%i fi=1
T re 2 2 2
= fo fo Fee 0P dxdt = 1£13 ) < (R—€) (2.18)
By Bessel’s inequality,
n (e
b, = > J < ) el < Wl ) < (R ) (2.19)
k=0 k=0

By (2.18), (2.19), and the proof of [2, Lem. 2.1], it follows that
IQuWIlyy < R

for 7 sufficiently small, which implies (2.16). Next, consider [v],, € Vl’é and let (s, g, f,a,c,d) =
P,([v]n). Since a is a piecewise-linear interpolation of the values [a],, on each interval
[#x-1,] the interpolation attains its maximum on the boundary, and in particular, a; > a.
The estimate of the norm of a(¢) follows from estimate for g as in [2, Lem. 2.2].
Lets consider the estimate for the term f, we get
N-1

T 4 n -
A fo fo FoanP dxde= Y13 hilfal =Wl 0 <K (220)
0

k=1 i=
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By definition,

n n
||dn||2é+E(D) = (" "y = <Z dii(x,1), D djr(x, r)>
k=0 =0

B£+E
n n
= > didi (W) . = AL, ) < R? (2.21)
k=0 j=0 2
By (2.20), (2.21), and the proof of [2, Lem. 2.1], it follows that
2 2
IPa(vInlly < (R+€)

for 7 sufficiently small, which implies (2.17). Lemma is proved. O

As in [1], it follows from Theorem 2.4.1 that

Corollary 2.4.2. Let either [v], € Vg or [v], = Q,(v) for v € Vg. Then for large n,
Isk—sk1] <C't, k=1,2,...,n (2.22)

where C’ is independent of n.

Notice that we might only have one of the following: h; = h, or h; = h, or hi <|sk—Si—1l

for some k. Hence, from (3.15) and (2.22), it follows that
A=0(\1), asT—0. (2.23)

Using Lemma 2.4.1, we derive

Corollary 2.4.3. For a given discrete control vectors [d], € by, the coefficients {d;.} de-

fined by (2.11) satisfy the estimate

max |di| < Clild]ally, (2.24)
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for C independent of n and [d],. In particular, when ||[d],||p, are bounded, then {d;}
are uniformly bounded. Using similar argument, we can show that coefficients {c;;} are

uniformly bounded.

Proof. By embedding of Bé“(D) in Lo (D) [25, 65, 73, 74],

1 Tk Xit1
f f d"(x,n)dxdt
it oy Ixi

max |d;;| = max —
ik ik i

<[ld"ll,.o

< C“dn“B;re(D) < C”[d]n”bg(D) =

Lemma 2.4.4. For given [v], € Vi, the discrete state vector [u([v]n)], exists and is unique

for all sufficiently small T > 0.

As the regularity of the coeflicients is proven to be sufficient, and the form of the
corresponding homogeneous equations to (3.19) are the same after renaming, we can

prove Lemma 2.4.4 as in [2, Lem. 2.1].

2.5 Proof of Main Results

2.5.1 Energy Estimates and their Consequences

Theorem 2.5.1. For 7 sufficiently small, and for any discrete control [v], € Vi, the corre-

sponding discrete state vector satisfies the estimate

n N-1
0{1%1211“ (k)+z Zh u (k) < C(”¢ ||L2(0 50) +s” ||L2(O T)
- k=1 i=0
H 2 + " @06 O T)+|Lv<s"<r>,t>llL2<o,T>
Mj1~
+Zl+<sk+1 - 5k) Z i (K)). (2.25)
l mj

Theorem 2.5.1 is an extension of [2, Thm. 3.1]. As in [1, Thm. 3.4], from Theo-

rem 2.5.1 we have
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Theorem 2.5.2. Let [v], € Vi for n = 1,2,... be a sequence of discrete controls with
{Pu([v]n)} converging weakly in B3(0,T)x By(0,T)X Lo(D)x B3(0,T)x By*<(D)x By *¢(D)
to an element v = (s,g, f,a,c,d). Then {u"} converges as Tt — 0 weakly in B;’O(D) to a weak

solution u € VZI’O(Q) of (1.7)—(1.10). Moreover, u satisfies the energy estimate

2 2 n||2 2 2
il 10, < ClIIl17, 0,50+ SUp /") * IPIZ, 0+ 005,
2 2
10, *+ 181E 0.7 (2.26)

2

From application of CBS inequality, equivalence of the piecewise constant interpola-

tions cj; and ¢"(x, 1) in Lo(D) follows. We get the following Corollary from Theorem 2.5.2

Corollary 2.5.3. For any v =(s,g, f,a,c,d) € Vg, there exists a weak solution u € VZI’O(Q)

of the Neumann problem (1.7)—(1.10) satisfying the energy estimate (2.26).

Given any discrete control vector [v], and the corresponding discrete state vector
[u([v]n)],, define the constant continuation [i([v],)], by #;i(k) = u;(k) for 0 <i < mj and

(k) = umj(k) form;<ifork=0,...,n.

Theorem 2.5.4 (Second Energy Estimate). For 1 sufficiently small, and for any discrete

control [v], € Vz, the modified discrete state vector [i([v],)] satisfies

mj—l n mj—l n mj—l

max Z(; W (k) +7 > " hifigk) +72 > " hiig (k)

k=1 i=0 k=1 i=0
2 2 2
< C[||¢n||L2(o,s0) + ”‘b”?g;(o,so) + ”fn”Lz(D) + ”gn”B;/“(o,T) * ”p”f"sg%m

@06 ©lfgyn 1y + SO0l (227)
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Proof. In (3.21), take n = 27ii;7(k) to derive

m_,'—l
Z 27 hi[biakuix(k)ftixf(k) — Cixuix(k)itiz(k) — dipcu;j(K)is(k) + fixitiz(k)
i=0

+ pirdtin(K) + )it (k) | + 27| (yn (8" ) = xha [ k) + 278} 10iK) =0 (2.28)

Arguing as in [2, Thm. 3.3] (in particular, Eq. 3.46), it follows that

qu mjo—l

Z hi ulx(q)+TZZ Z hy um(k)+TZ Z Wik <C " hig?,

k=1 i=0 kll() i=0
qg mj-1 qg mj-1

+CZ Z Thii? (k)+C max Z hiit; (k)+CZ Z thif

k=1 i=0 k=1 i=0
q mj—1

> Zm,p,ku,xxk) 2r2[(ysn<s">’)" —x’;n]amj;<k>—272gka05(k> (2.29)

k=1 k=1

for any 1 < g <n. We estimate the second and third terms on the right-hand side of (2.29)
using the first energy estimate; To handle the term with p;x we use summation by parts;
since p has a compact support with respect to x in (0,0), there exists is with is <m;, —1

for all k such that pj; = 0 for i > is, and hence

q m]—l i5 i§
Z Thipirliixi(k) = Z hipiqitix(q) — Z hipi$ix
k=1 i=0 i=0 i=0
q-1 is
=D Thipige i (k) (2.30)
k=1 i=0

Therefore, from (2.29), (2.30), Corollary 2.4.3, and Cauchy inequality with e, it follows
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that

mj,—1 q mj—1 qg mj-1
3 Z hiiZ(p)+ T aoz Z hiii m(k)+§kZ O hiii2 (k)
i =1 i=
mj j j mj—1
el Ji h¢lx+Z Z i (k) + max Z it (k)+Z 2 Thif?
-1 i
* Z hipiy Z hipy + Zl Z(; Thip} g, 7+ TkZ‘ |G (s™) Y = i)
l
+TZ ghior(h)) (2.31)
k=1

for some C independent of 7. By CBS inequality and Fubini’s theorem we have

m—1mj—1 1 m=1 g
T hipha, S —22f f Ip(x,1+7) = p(x, DI didx
k=1 i=0 = Yo Yo

<llpdZ,p (2.32)

By CBS inequality and Sobolev embedding theorem [65, 25]

Mj—l Mj—l 1 Xitl f 2
D hipk =) ﬁ( f f p(x,t)dtdx)
i=0 izo T \Vx; -1
L%, 2
< - ,Hdxdt < C||plls 2.33
—Tj;“jo‘ p (x,t)dx ||P||B(2>,1(D6) (2.33)

Having (2.33) and (2.32), from (2.31) it follows that

m]—l q mj—l
ao T ~
Z hifi2 (q) +T aoz D hiig (k) + EZ > hiiz(k)
k=1 i=0 k=1 i=0
mjy— qg mj—1

el Z h¢lx+z Zrhu (k) + max Zhu (k)+z > thif;

k=1 1=0 k=1 =0
q

#1PlG01 4y +7 D | 0 ™ =00 + TZ i) (2.34)
k=1 k=1
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Since this inequality holds for all 1 < g < n, it follows that

mj,— n m]_l - n mj—l
—113]?3 Z hiii2 (k) + 7 aoZ D il k) + 5 hifi2 (k)
" =1 i=0 k=1 i=0
mJO n mj—l
{ Z high+ Y D Thill} (k) + max Z i () + 112,
k=1 i=0 i

n

P01 7 D |0 ) + oy i)
= k=1

(2.35)

Applying the method of [1] allows the estimation of the last two terms of (2.35); if

y.x € By (D) and [V, = (1, [g1ns [f s [alns [, [d],) € V7, then for n large enough,

P,([v]n) € Vgs1 by Theorem 2.4.1, and hence the traces of y and y-(s")" on the curves

x = s"(f) are in B)/*(0,T) [65, 25] and

(s @.0G" Ol s o 1) < g1y

”X(Sn(t)’t)||3§/4(0,r) < Clixllgra

Let W(x,1) € Bg’l (D) be a solution of the heat equation satisfying

W(x,0) = ¢(x), for x € [0,50], Db(0)a()¥,(0,1) = g"(¢), for a.e. 1 €[0,T],

b(s"()a()P(s"(1),1) = x(5" (1), 1) — y(s" (1), 1)(s") (¢), for a.e. t € [0,T]

and

11121 5, < Cllg" | 2740,7 + 19l15100.50

+|l(s™ @), 1) = y(s" (), f)(S")’(l)”B;/“(o,T)]

(2.36)

(2.37)

Existence of such ¥ follows from e.g. [58, Ch. 3, Thm. 6.1]. Then replacing u, s and g
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with u -, s, and g" in (2.35) with f(x) replaced by f(x) — L¥(x) € Ly(D), we derive

mj, = n mj—1 n mj—1
a 2
5 max Z 2 (k)+1 akz;z(;h m(k)+2kz;zoh (k)
i= l l
m]O 1 n mj—l mj—l
{ Z high+ Y D Thill} (k) + max Z a2 () + 1112 )
k=1 i=0
LI, )+ 1P )} (238)

Using first energy estimate (2.25), together with (2.37), and (2.36), from (2.38) it follows

that for 7 sufficiently small, u satisfies

n Mj—l n mj—l

k
T -
s s Z u.x(k)+72g ,x,(k) 5 Z hi”?f(k)

i=0 k=1 i= k=1 =0

I\JIIQ

< C{”¢”B§<o,so> 01000 10 * 18" 12 0.7 *+ 191131 0,409

(5" @,1) = (5" (), ) (5"’ <r>||31/4(0 + Pl

BOI(D)

Mj1~

+Zl+<sk+1 - 50 Z h ) 239)

lmj

where C independent of 7 has been used to absorb the constants on the left-hand side, and

7 is sufficiently small as in the hypotheses of Theorem 2.5.1, which implies (2.27). O
Asin [2, Thm. 3.4], from Theorem 2.5.4 we have

Theorem 2.5.5. Let [v], € Vi for n = 1,2,... be a sequence of discrete controls with
{Pn([v]n)} converging weakly to an element v = (s, g, f,a,c,d) in H (with (s",g",a",b",c")
converging strongly in Bé(O, T)X1>(0,T)X Ly(0,T)X Ly(D) X Lo(D) to (s,g,a,c,d)) and,
for any 6 > 0, define

Q' =Qn{x<s()-6,0<t<T}.

Then {ii" (x,t;v,)} converges as T — 0 weakly in Bé’l(Q’ ) to a weak solution u € Bé’l(Q)
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of (1.7)—(1.10). Moreover, u satisfies the energy estimate

2 2 n||2 2 2
<
1) < LI 0 3+ 59y 1Py V11,
2 2
el )+ 181557 | (2.40)

Theorem 2.5.5 implies the following

Corollary 2.5.6. For any v € Vp, there exists a weak solution u € BE’I(Q) of the Neumann
problem (1.7)—(1.10) satisfying the energy estimate (2.40). By Sobolev extension theorem,
u may be extended to a Bé’l(D) function with norm preservation, so it satisfies the energy

estimate

2 2 2 2 2
< N
”u”Bé’l(D) hS C[”(p”Bé(O,so) + ||f||L2(D) + ”p”Bg’l(D(;) + II)/”B;"(D)

2 2
R+l
2

By (D) (o,T)]

2.5.2 Proof of the Existence and Convergence Results

Compactness results of Theorems 2.5.2 and 2.5.5 imply the weak continuity of the func-
tional 7, so Theorem 2.3.1 follows from Weierstrass Theorem in the weak topology of
B3(0,T)x BY(0,T) x Ly(D) x B(0,T) X By*“(D) x By*(D). The necessary results to com-

plete Theorem 2.3.2 will be given in three Lemmas.

Lemma 2.5.7. For € > 0 define J.(x€) = infy,, T (v) Then
lim J.(¢€) = J, = lim J.(—€) (2.41)
e—0 e—0

Lemma 2.5.7 is established as in [1, Lem. 3.9]

Lemma 2.5.8. Forv € Vg,
,}Lrgo L, (@Q,(v)) =T () (2.42)
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PY‘OOf. Fix v € Vg and let [v],, = ([s]p, (gln, [f]nNa [aln, [cln, [d]n) = Qn(V) Letu = u(x,t;v)
and [u([v]n)]n be the corresponding continuous and discrete state vector, respectively,
and denote by V' = (s*,¢", f",a",c",d") = Pn([v],). By Sobolev embedding theorem,

s"(t) — s(¢) uniformly on [0,T]. Let €, | O be an arbitrary sequence, and define
Q,n={x1):0<x<s(t)—¢,,0<t<T}

and fix m > 0.

In Theorem 2.5.5 it was shown that {#i"} converges to u weakly in Bé’l(Qm) for any
fixed m; by the embeddings of traces, it follows that {&i"(s(¢) — €,,1)} and {&i"(x,T)} con-
verge to the corresponding traces u(s(f) — €,,t) and u(x, T)) weakly in L>(0,7) and L, (0, s(¢)—
€n), respectively. We shall prove that the corresponding traces of u” satisfy the same prop-
erty.

By Sobolev embedding theorem, it is enough to show that {u"} and {#i"} are equivalent
in B)*(Q,).

Denote by s7' = x; where

n . €m
i=max{i<N: -, <x;— max s(f)<——7.
t—1 Sty 2

Arguing as in [2, Eqgs. 101-104] it follows that there exists N = N(g,) such that n > N

implies
sy <min(sg, sk-1), k=1,...,n (2.43)
and accordingly
- 1
9T Out 2 3 n i-1 3 n Mmj
‘ o =< ha (k) < 5 Wik k)= 0. (2.44)
r O L @) k=1 i=0 k=1 i=0
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Estimate the first term in 7,,(Q,(v)) — I (v) as

my—1 s(T)
0 ) hilui(m) = wi* dx =By f juCx, T) = w(x) dx
i=0 0

i-1

— Xit]
<pof |3 [h,- s =wiP = [ 1) = wCOP d |+ L+ T (2.45)
i=0 i
where
my—1 . s(T)
Lym = hilui)—wil?|,  In= f lu(x, T) —w(x)* dx (2.46)
7 sn'
By absolute continuity of the integral, I, — 0asm— oo. Considering 1, ,,
my—1 mp—1
Lin <2| > hilu(mP|+] >~ hilwil?
By Morrey’s inequality,
my—1
Z hilui(P| < C|s"(T) = $(T) + €] 0 MG 6,
l
From (2.25) and (2.27), it follows that
N 2

For a constant C; depending on the given data ¢, f, etc. but not 7 (or m). Now, considering

2

mp—1

the second term in /,, ,,,, by CBS inequality,
2,

1 Xi+1
f w(x)dx
Xi

l
s(T)
f Iw(x)[> dx
s(T)—ep,
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s"(T)
f Iw(x)I* dx
s(T)

mp—1
2
D hilwi
7

+




From convergence s"(7) — s(T) and absolute continuity of the integral we get that there

is some Nj = N;(m) such that for n > Ny,

M1 s(T) 1
hilwi?| <2 f w(x)]? dx+ — (2.48)
s(T)—€n m

P
By (2.47) and (2.48), it follows that for n > N,

s(T) 1
0 < Iy < CC (n+|s"(T) = 5(T)|) +2 f W) dx+ — (2.49)
s(T)—em m

By (2.45) and (2.49), it follows that

mp—1 s(T)
0 <limsup }ﬂo Z h;lu;(n) — w,-l2 dx—fo f lu(x,T)— w()c)l2 dx
0

n—>o0 .
i=0

s(T) 1 .
<CCiey+2 f W) dx+— + 1,
s(T)—e, m

for all m. Passing to the limit as m — oo it follows that
mp—1

s(T)
Lim By > hilui(n) = wif’ = Bo f ju(x, T) = w0l dx
i=0 0

The convergence of the second and third terms of 7, to corresponding terms in J is

established in a similar way. Lemma is proved. m|
Lemma 2.5.9. For arbitrary [v], € Vg, im0 (T (Pu([v]n) — 1([v]n)) =0

Proof. Let [v], € Vg and V" = (s",¢", f",a",c",d") = Pp([v]n). Then {v"} is weakly pre-
compact in H; assume that the whole sequence converges to ¥ = (5,3, f,a,¢,d). Then v €
Vg, and moreover, Rellich-Kondrachov compactness theorem implies that (s", g",a",b", c") —
(5,8,a,b,&) strongly in B)(0,T)X Ly(0,T) X Ly(0,T) X Lo(D) X Lr(D); in particular, 5" — §

uniformly on [0, T']. Write the difference T (P, ([v].)) — I.([v],) in the preceding notation,
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as

In([v]n) _j(Pn([V]n)) = In([V]n) _j(Vn) = In([V]n) -JO+IJ®) _j(vn)

By weak continuity of J, we have lim,, (J(¥) — J (V")) = 0. Lastly, we need to show
nh_)nc}o (1) =T (#) =0

Since ¥ € Vg4, for some € > 0, and by strong convergence of #,([v],) — V, similar argu-

ment as in the proof of Lemma 2.5.8 completes the result. O

By Lemmas 2.5.7-2.5.9 and [2, Lem. 2.2], Theorem 2.3.2 is proved.
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Chapter 3

Optimal Control of Diffusion Coeflicient

in Parabolic Free Boundary Problems

3.1 Inverse Stefan Problem with Unknown Diffusion Co-
efficient

Consider the general one-phase Stefan problem ([41, 62]): find the temperature function

u(x,t) and the free boundary x = s(¢) from the following conditions

(a(x,Hux)x +b(x, uy +c(x,)u—u, = f(x,t), for (x,1) € Q (3.1)
u(x,0) = ¢(x), 0<x<5(0) =150 (3.2)
a(0,)u,(0,1) = g(1), 0<t<T (3.3)

a(s(t), Dux(s(®), 1) +y(s@®), 0" (1) = x(s(0),t), ~ 0<t<T (3.4)
u(s(),1) = u(2), 0<t<T (3.5)

(3.6)
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where a,b,c, f,9,g,v,x,u are known functions and 3.7)
a(x,t)>a>0, sp>0 (3.8)

Q={(x1): 0<x<s(),0<t<T} (3.9

Function f(x,7) can be characterized as the density of the sources, function ¢(x) is the
initial temperature, g(¢) is the heat flux on the fixed boundary, u is the phase transition
temperature. We are going to make the following assumption: some of the data is not
available, or has some measurement error. For istance, assume that the diffusion coefficint
a(x,t) is not known and we need to find it along with the temperature function u(x,#) and
the free boundary s(7). For that, we need to introduce some new information. One way of

doing this is by adding a new measurement of temperature at the final moment ¢ =7 :
u(x,T)=w(x), forO0<x<s(T)=:5, (3.10)

Inverse Stefan Problem (ISP): Find the functions u(x,t), s(t) and a(x,t) satisfying con-

ditions (3.1)-(3.10).

3.2 Optimal Control Problem

Consider a minimization of the cost functional

s(T) T
J) =Bo fo u(x, T) = w(x)* dx+p) fo lu(s(t),1) = (o) di +Bals(T) - 5
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on the control set

Ve ={v=_(s,a)€ H:6 < s(t) <1,50) = 50,5 (0) = 0,a(x,t) > a
IVllg < R}
H = B3(0,T)x (W, (D)nWsL(D))

il = max(lsllg 0.7 el oy el )

where 0,1, R, 39,51 are given positive numbers, and u = u(x,;v) be a solution of the Neu-
mann problem (3.1)-(3.4). By employing standard Sobolev extension results [25, 74], we
are going to assume throughout the paper that any control function a € Vy is continued to

(0,))x (-1,0) as an element of Wzl’l(D) N Wolc;’ly(D)
Definition 3.2.1. The function u € Wzl’1 (Q) is called a weak solution of the problem (3.1)-
(3.4) if u(x,0) = ¢(x) € W21 [0, so] and
T s(t)
Ozf f l[auy @y — bu, ® — cu® + u, D + fO]dxdt
0 Jo

T T
+ f [y(s(®),0)s" () = x (s(2), D] D(s(t), 1) dt + f g(NP(0,1)dt (3.11)
0

0
for arbitrary @ € WZI’I(Q)

Definition 3.2.2. The function u € V,(Q) is called a weak solution of (3.1)-(3.4) if

T s(1) S0
0= f f l[au, @y — buy® — cu® —ud, + fO]dxdt - f d(x)D(x,0)dx+
0 0 0

T T
j; g(D(0,1)dr+ fo‘ [y(s(2),0)s" (t) —u(s(r),1)s" (1) — x(s(t), )] D(s(), 1) dt (3.12)

for arbitrary @ € Wzl’l(Q) such that ®|,_7 =0.
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3.3 Discrete Optimal Control Problem

Consider the grid

W = {tj =jt, j= O,l,...,n}
on [0,T] where 7 = % We are going to use the following notation for {d;},

di — dy-1 di+1 = 2di + di—
deg=—"——+ du=d1p dii= . =

(3.13)

Next we introduce the spatial grid. Given a discrete boundary [s], € R et (Po>P1s--->Pn)

be a permutation of (0, 1,...,n) according to the order s,, < s, <--- < 5p,.

Note that, for every k there exists a unique j; so that

Sk = Sp;, (3.14)

Throughout the work instead of subscript j; we will use j. Let
(n)
0}

Wp, :{x,-:x,-:ih, i:(),l,...,m

N .
2. We will assume

be a grid on [0, s, ] and i =

(n
My

h=0(\1), ast—0. (3.15)
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By induction once wy,_, is constructed on [0, 5, _, ] we construct

wp =it i=0,1,...,m")

on [0, sy, ], where m,(cn) >m!

k-1’
fori < mzn_)l points x; are the same as in grid w,_,. Finally, if s, < ¢, then we introduce

where we have a strict inequality if and only if s, > s, |;

agrid on [s,,,{]

w={x;:x;= spn+(i—m,(1"))ﬁ, i:mgln),...,N}

of stepsize order h, i.e. h = O(h) as h — 0. Furthermore we simplify the notation and write
ml((") = my. Let

h,-:x,-+1—x,-, i=0,l,...,N—1;

and denote the space grid on [0, {] by w, and set

Discretized control set have the following form:
VI}; ={vlp=(slp,[aliw) € H: 0<6< sk <1, ag> a, [vlnllg <R}

IV]allz = max(lils]all,z; lalnnllgs II[a]anlwié}y)

where,

FI — R}’l+l XRIIN

[s]n = (SO,S]"'-,SI’!) € Rn+l’ [a]l’lN = {alk} i = 071a""N;k = 071""”/1
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N-1 n N-1 n N-1 n N-1
h 2 2 2 2
Thiay + Thiay,, + Thiay,: + Thia;, -
k=1 i=0 k=1 i= k=1 i=0 k=1 i=0

M=

2
alunllZ ) =
W)

1
alanllgry = max lapl+ max lai.l+ ( T nax |aik,f|7)y
0, SISIN— SISIN— SIS

1<k<n 0<k<n

where we assign s_; = so and use the standard notation for the finite differences:

Sk Sk-1 Skl — Sk Skl = 28K+ Sk-1

T T Stk = T Sy =
t.k T ’ T > Otk Tz

Next we define two mappings Q, and #,, between continuous and discrete control sets as

follows:

Qn(v) =l = ([S]n’ [a]nN), forve Vr

where s, = s(t;), k=0,1,...,n.

1 [
Clik:—f alx;,ndt, i=0,1,...,N; k=0,1,...,n
T

Ti—1
P.([v]) =V'=(s",ad")e H for][v],e Vg,

where

L 2 0<r<
S0 T 275%,1 SIST
$'(0) = o (3.16)
1 _—
Sk—1 + (= trm1 = 554 + 3= i1 S50y k1 ST <tk =2,n.

a"(x,1) = ajx + QX — ;) + a(t — 1) + Qige(x — X)) (t = 17), 3.17)
o1 St<ty, xi<x<xjfori=0,1,....N-1;,k=1,....,n

Define Steklov averages

1 Ik 1 Tk 1 Xit] Tk
di(x) = —f d(x,t)dt, hy = —f h(t)dt, dy, = —f f d(x,t)dtdx,
T I T Ity hit Xi k-1
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where i =0,1,--- ,N—1; k=1,---,n; d represents functions b, c, f, and h represents

functions v, u, g. For v = (s,a) € Vi we introduce Steklov averages of traces as follows

Tk

1 [ 1
X’s‘ = ;f x(s(0),0)dt, (yss')k = ;f v(s(2),1)s’(t)dt. (3.18)
Tk—1

k-1

Given [v], = ([s]n,[alun) € Vi we define Steklov averages )(’s‘,l and ()/Sn(s”)’)k through
(3.18) with s replaced by s" from (3.16).

Let ¢" be a piecewise constant approximation of ¢:
¢"(x) = ¢ :=p(x;), forx;<x<xy41,i=0,.,N-1

Next we define a discrete state vector through discretization of the integral identity

(3.11)

Definition 3.3.1. For a given discrete control vector [v],, the vector function
[u(V])]n = @(0), u(1), ... u(n)), u(k) e RN k=0, .n

is called a discrete state vector if

(a) First mp + 1 components of the vector u(0) € RN+ satisfy
ui(0) = ¢; := ¢(x;), i=0,1,--- ,mo;

(b) Recalling (3.14), for arbitrary k = 1,--- ,n first m;+ 1 components of the vector u(k) €
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RN*1 solve the following system of m j+ 1 linear algebraic equations:

h? h?
|aok + hbo — hcoi + 7]Mo(k) — | aok + hbo |uy (k) = —Uotk=1)— I fo = gk

2h‘
2 il
—ai_1 hiui—1(k) + [ai—l,khi +ajchi-1 + bighihi—1 — cich; hi—q +

Juith)-

hZhi_

|aihioy + bighiti Jui1 () = = hiy fix + uik=1), i=1, mj—1

T

1t 1K) + 1t (6) = =B 1 [ (ron (57 = K| (3.19)

(c) For arbitrary k = 0, 1,...,n, the remaining components of u(k) € RN*! are calculated
as

uj(k) = i(x;;k), mj <i <N

where i1(x; k) € W2l [0,1] is a piecewise linear interpolation of {u;(k) : i =0,--- ,m;},

that is to say

1 (k) — ik
A(x;k) = ui(k)+w(x—xi), X <X < Xip1ai =0, -1,
l

iteratively continued to [0,/] as

!
(k) = 22" s — x; k), 2" Vsp < x < 2"spon = Lng, ng <n. = 1+log, [5] (3.20)

where [r] means integer part of the real number r.

It is worth to note that for any k = 1,2,--- ,n system (3.19) is equivalent to the follow-

ing summation identity

mj—l

Z hi[aikuix(k)ﬂix — bixuix(k)n; — cixui(kn; + funi + ui;(k)fh']+
i=0

| (™ =k [t + 240 = 0, (3.21)
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for any numbers 7;,i =0, 1,--- ,m;.
Next we introduce a discrete optimal control problem of minimization of the following

cost functional

my—1 n

L) = o Y. hi{usm)=wi) +B17 > (1K)~ ax)” + Bals, — 5 (3.22)

i:o k:1

over a set V subject to the state vector which was described in Definition 1.3. Throughout
the paper we will call the discrete optimal control problem by Problem 7.

Several interpolations of the discrete state vector will be used among which we are
going to take advantage of piecewise constant and piecewise linear interpolations. Let

[u([v]:)]n = @(0),u(l),...,u(n)) be a discrete state vector, the we define

u(x,f) = i(x k), ifty <t<t, 0<x<l, k=0,n,

a'(x,t) = (k= 1) + i k)(t—tr—1), iffo <t<t, 0<x<I, k=1,n,

a'(x,t)=a(x;n), ifr>T,0<x<l.

i (x,t)=ujk), iftr1<t<ty, xi<x<xiy1, k=1,n,i=0,N-1.

We have

" € Vo(D), 0" e Wy''(D), i € Ly(D).
Here are some standard notations for difference quotients of the discrete state vector:

(k) = M ur = M0 Zi(k -1

etc.
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3.4 Main Result

In this section we are going to formulate the main results of the chapter 3.
We denote

D={(x01:0<x<[,0<t<T}

We impose the following assumption on the data:
1
b,c € Lo(D), f € Lr(D), g € W} (0,T), w e L»(0,])

¢ € W310.50], y.x € Wy (D), p € L,[0.T],
Main theorems:

Theorem 3.4.1. The Problem I has a solution, i.e.
Vi={veVe: W) =J.=inf W)} #0
veVg

Theorem 3.4.2. Sequence of discrete optimal control problems I,, approximates the opti-

mal control problem I with respect to functional, i.e.

lim I, = 7., (3.23)

n—+oo
where

Iy, = 1‘I/lnfjn([v]n), n=1.2,..

R

If [Vl € Vi is chosen such that
In* < In([v]ne) < In* +€, €10,

then the sequence v, = (s,,a,) = Pn([v],,) converges to some element v, = (s.,a.) € V.
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weakly in W22[O, T]x WZI’I(D), and strongly in W21 [0,T])x L,[0,T]. In particular s, con-

verges to s, uniformly on [0,T]. For any 6 > 0, define
Q. =Q.N{x<s5.(0)=6,0<r<T}

Then the piecewise linear interpolation i of the discrete state vector [u[v],. 1, con-
verges to the solution u(x,t;v,) € WZI’I(Q*) of the Neumann problem (3.1)-(3.4) weakly

in W) ().

3.5 Preliminary Results

The proof of the existence and uniqueness of the discrete state vector r [u([v],)], (see Def-
inition 3.3.1) for arbitrary discrete control vector [v], € V} is carried out in Lemma 3.5.1.
Then in Lemma 3.5.2 we present general approximation criteria for the optimal control

problems from ([79]). Lemma 3.6.8 highlights some properties of the @, and ¥, map-

pings.

Lemma 3.5.1. For sufficiently small time step 7, there exists a unique discrete state vector

[u([v])]n for arbitrary discrete control vector [v], € VI”e.

Proof. We are going to use the fact that for any k = 1,2,--- ,n system (3.19) is equivalent
to the summation identity (3.21) where 7;,i =0, 1,--- ,m; can be chosen arbitrarily. Next,
let {i1;(k)} be a solution of the homogeneous system corresponding to (3.19). In other

words let {i1;(k)} be a solution of the system (3.19) where

g = (") =xh = fu =uik— 1) =0.
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Since n; can be chosen arbitrarily, let us choose n; = ii;(k) in (3.21). Thus we get

mJ—l J mj—l

Zha,ku,x(m Zh F0 = hilbadiomo + it ] (3.24)

i=0
Since a is bounded from below by a and applying Cauchy inequality with € > 0 we derive
the following inequality

mj—1 mj—1

Z hiii? (k) + = Z hi(k) < == Z hidiZ (k) + (5= +M) mit (k). (3.25)

=0

Here

M = max (|1bl|L)s lell o) )-
If we choose € = a/M in (3.25) we get

Wl/

mj—1
= Z hitiz (k) + (= - io) D hidi;(k) <0, (3.26)
i=0

where
M? =
=\—+M) .
0 ( 2a )
Therefore if T < 7¢, (3.26) implies i;(k) = 0,i=0,1,--- ,m; i.e the homogeneous sys-
tem only has a trivial solution. Therefore, system has a unique solution thus for any given

discrete control vector [v], there exists a unique discrete state vector defined by Definition

1.3. This completes the proof of the Lemma. O

Next we are going to state very important approximation criteria. It will be used to

prove Theorem 3.4.2.

Lemma 3.5.2. [78] Sequence of discrete optimal control problems I,, approximates the

continuous optimal control problem I if and only if the following conditions are satisfied:

(1) for arbitrary sufficiently small € > O there exists number N1 = N1(€) such that Qn(v) €
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Vg for all v € Vg_ and N > Ny; and for any fixed € > 0 and for all v € Vg_ the

following inequality is satisfied:

limsup (Zx(@Qv () - T () < 0. (3.27)

N—ooo

(2) for arbitrary sufficiently small € > 0 there exists number Ny = N> (€) such that Pn([vIn) €
Vise for all [vly € VN and N > Ny; and for all [vly € VY, N > 1 the following in-

equality is satisfied:

timsup (T @ ([vIv) - In([vI)) < 0. (3.28)

N—oo

(3) the following inequalities are satisfied:

limsup J.(€) > T, limi(r)lfj*(—e) <Y, (3.29)

E_)O €E—
where J.(x¢€) = inf T (u).

VR+e

Corollary 3.5.3. ([1]) Let either [v], € Vg or [v], = Q,(v) for v e Vg. Then
Isk —sk_11<C't, k=1,2,---,n (3.30)

where C’ is independent of n.

Letv e Vg, then s" € W% [0,T]. Applying Morrey inequality we get
Is"llcro.ry < Cills .71 < C1R (3.31)

Therefore for the first component [s],, of [v], = Q,(v) we conclude (3.30). Now, let [v], €

Vg, then the sequence V"' = P, ([v],) belongs to Vg1 by Lemma 3.6.8 and the component

s" of V' satisfies (3.31). Since, (s")'(tx) = six.k = 1,...,n, from (3.31), (3.30) follows.
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Notice that a given step size /; can satisfy eather one of the following cases h; = h, h; = h,
or h; < |sx — sg—1 for some k. By employing (3.15) and (3.30) we get

max hj =O0(\7), ast— 0. (3.32)
0<i<N-1

3.6 Proofs of the Main Results

3.6.1 First Energy Estimate and its Consequences

Next we prove the following energy estimation for the discrete state vector.

Theorem 3.6.1. For all sufficiently small T discrete state vector [u([v],)], satisfies the

following stability estimations:

n

N-1 N-1
2
max ; had () + Y1 > hidd (k) <

k=1 =0

C(16"1Z 0.50) + 18117, 0.1 + IFIT, oy + V(S @ DG™Y DI .79

M1~ -1

(5" @017 o, T)+Zl+<sk+1 —s) ) ha(k), (3.33)

lmj

where C is independent of T and 1, be an indicator function of the positive semiaxis.
We start by proving the Lemma (3.6.2)

Lemma 3.6.2. For all sufficiently small T, discrete state vector [u([v],)], satisfies the

following estimation:

mj—1 mj—1

max Zhu(k)+z Zhum(k)+2 Zhu (k) <

k=1 i=0 i=

C(16"1Z 0.50) + 18117, 0.1 + IFIT, oy + V(S @ D™ OIIF .79

n—1 My~ -1
H (" @02 o7, + Z 1 (Ste1 = 1) Z haf (k). (3.34)
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where C is independent of 7.

Proof. . If we choose 1; = 21u;(k) in (3.21) and make use of the following equality
2ru(kyui(k) = uf (k) — uf (k= 1) + 71 (k)

we obtain the equality

mj—1 mj—1
Z hid? (k) — Z i (k=1)+7° Z hiu2 (k) +27 Z hiagai’ (k) =

mj—l

21 " il bk (Ryui(h) + cinaaf () = fixaai (k) |-

i=0

27 [ (yn (5™ =kt () = 2 giato (k). (3.35)

Employing (3.8), Morrey inequality and Cauchy inequalities with € > 0 we derive
mj—1
Omax u; 2(k) < C.lla(x; k)”vvl[o - <C Z hi (u (k)+ulx(k)) (3.36)

i=0

Here C.,C don’t depend on 7 and [u([v],)],. Using (3.35) we obtain

mj—1 mj—1 mj—1 mj—1
> = - hadk=1)+ar > ha () +7* > hac(k) <
i=0 i=0 i=0 i=0
-1 mj—1
Crr| [y (P + Ikl + leal® + Z hif + Z hai (k) | (3.37)

where C| does not depend on 7. If we assume 7 < Cy, then from (3.37) we derive

mj—1 mj -1 mj—1
(l—CIT)Zhu (k) < Z hit? (k= 1)+ 14 (s — 51 Z hil (k— 1)+
i i= =mj,_,
m]‘—
Crr|Iysn (8" + ko +leal® + D iz |, (3.38)
i=0
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Using induction we obtain

mj—1 mjo—l

Dt <(1-ciot Y hu<0>+2<1—cm eI () P+

i=0 i=0
mj,— 1 mjl—l
Wl +lgl?+ D hif |+ Le(si=si) Y hapd =1},
i=0 izijI

Forany 1 </<k<n we get
T
(1-Cryl<a-ct<a-cin™=(1-—=)" -7,
n
as T — 0. Therefore for sufficiently small T we get

A-Ci) 1 <267 for1<i<k<n,

Using (CBS) inequality from (3.39)-(3.41) it derive that

mj—l
2 ni2 2 n ny/ 2
g]??yz Z hzui (k) < C2(||¢ ”Lz(O,So) + ||g||L2(O,T) +ly(s™ (), (") (t)||L2(O’T)+
P
n—1 Mj~ -1
(5" .01, 0.7 + I, +Zl+(sl+1 —s) > ha(D).
i= n’lll

(3.39)

(3.40)

(3.41)

(3.42)

where C; does not depend on 7. Using (3.42), and after performing summation of (3.37)

with respect to k from 1 to n we obtain

mj,—1 mj—1 mj—1

> hiuiz(n)+az Z hulx(k)+Z Z hiu (k) <
i=0 =1

k=1

16™1Z 0.0y + C3(lg1Z 0.7 + IFIZ oy + V(" .0 DI 0.7

m;j—1 M1~ 1
(5" (o), t>IIL2<0T>+Z > ha (k) Zl+<sk+1—sk> > hadh
k=1 i=0 i=mj,
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From (3.42) and (3.43), (3.34) follows. This concludes the proof of the lemma. O
Next we are going to prove Theorem 3.6.1:

Proof. Using (3.34), it is enough to show that the LHS of (3.33) is bounded by the LHS

of (3.34). Reflective continuation property of #&(x; k) helps us to obtain

N-1 N
ETZhiuin(k) = Tiﬁl‘duétk)‘zdx <
mj—1

g | du; k)' dx = 2”* hiu%. (k). (3.44)
:1 =0
By using (3.15) and (3.31) we have
N-1 N-1
2 2 3.2 ne+1 A2
Z hi? (k) < 2f 2(kydx+ S Y g (k) < 2" f (x;k)dx+
343 0
m]—l
Cer hi (k) < 27+ Z hi (k) + 2"+ Z 3hfu?x(k)+
i=0
mJ—l
Clrz hi (k) < 27+ Z hi (k) + CQTZ hitd? (k). (3.45)
and (3.33) follows from (3.44), (3.45) and (3.34). Theorem is proved. O

Take [v], € Vg, n=1,2,...to be a sequence of discrete controls. Then using Lemma 3.6.8
we conclude that the sequence {#,([v],)} is weakly precompact in W%[O, T]Xx WZI’I(D).
Assume that the whole sequence converges to v = (s,a) weakly in W22[O, T]x WZI’I(D).
This implies strong convergence in W [0,T]x Lo(D). Since ||a”|| Ly S <R, from Mazur’s
Theorem [80] it follows that a € WZI’I(D) N W(x;,y(D). On the other hand, given control
v = (s,a) € Vg we can select a sequence of discrete controls [v], = Q,(v). After us-
ing Lemma 3.6.8 twice one can easily deduce that the sequence {#,([v],} converges to
v = (s,a) weakly in WZZ[O, T]x Wzl’l(D), and strongly in W2l [0,T] x Ly(D). Next we are

going to show the continuous dependence of the family of interpolarions {u*} on this
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convergence.

Theorem 3.6.3. Let [v], € Vl’g,n = 1,2,... be a sequence of discrete controls and the se-
quence {P,([v],} converges weakly in W22[0, T]x WZI’I(D) (and strongly in W2l [0,T] x
Ly(D) to v =(s,a) € Vg). Then the sequence {u"} converges as T — 0 weakly in Wzl’O(Q)
to weak solution u € Vzl’O(Q) of the problem (3.1)-(3.4), i.e. to the solution of the integral

identity (3.12). Moreover, u satisfies the energy estimate

o) (3.46)

16l 10, < CIB (0,00 + 180,19 + 11 )+ IR 0y + I 10

Vy (D)

Proof. In (3.16) we considered quadratic interpolation of [s],. We introduce the

following two linear interpolations:

Sk — Sk-1

§1t) = s + —(t—tx—1), -1 St<tp, k= I,_I’l; ' t=s,, t>T;

510 =5"(t+71), 0<t<T.

It can be easily shown that sequences §" and § are equivalent to the sequence s" in

W21 [0, 7] and they converge strongly to s in W21 [0, T]. Moreover,
sup||§’f||W21 0.7] <Cx (3.47)
n

Here C. does not depend n.

Next we are going to absorb the last term on the RHS of (3.33) into the LHS. We have

Mjgy1~
Zl+<sk+1—sk) Z i (k) <
Mjp1~
221+<sk+1—sk> f i (x; Kydx + < Zl+<sk+1—sk> Z mul(k)  (3.48)

If sg+1 > s, then all the factors A; in the second term are bounded by s — s¢ then by

56



employing (3.30) we get

M1 = n—1 erl
Z Lo S, Rm =) % [ (3.49)
i=m;j Sk
Using reflective continuation property of i(x; k) we obtain
~1
Sk+ 1y iy 12 4 kK din2 . g )
fs k ' ax<2t | E' dx=2" Z hii (k). (3.50)
i=0
Applying (3.49) and (3.50) leads to
M1 = -1 mj-
Zl+(sk+1 -5 ) h?u%x(k) <271 TZ Z hit (k) (3.51)

zmj

For sufficiently small 7 and from (3.48) - (3.51) in (3.33), last term on the RHS of (3.51)
can be absorbed into the LHS of (3.33) which lets us to get modified (3.33) with a new

constant C:

N— n N

1
max hiul-z(k) + > 7T
0<k<n 4

-1
2
i=0 k=1 i=0

CI6"17,0.59) + 1817 0.7 + IFIIE, () + V(™. ™Y OIIF 0.1
n—1

+Hl(5" (), r>||L2(0T)+Zl+<sk+1—sk> f 2 (x;)dx), (3.52)

Next we will estimate the last term on the RHS of (3.52) as in [1]:

Tk+1

Zl+<sk+1—sk> f i (x; k)dx = Zl+<sk+1—sk> f (&) ()23 (0); k)dt =

>_‘

n—

Tic+1
1 (k1= 1) f &) O (D1 =) di =

>~
I

1

e 2
St s [ @ o) (3.53)
k=1 lk=1

57



Applying CBS inequality we get

n-l1 Sk+1 .
> Lttt =50 f 20 0dx] < I ol GO0 o (B.54)
k=1 Sk

For arbitrary u € V(D) results on traces of the elements of space Vo(D) ([58, 25, 65])
implies

(370, DllLgro,17 < Cllullvy)s (3.55)

here the constant C doesn’t depend on u and n. From (3.47),(3.54) and (3.55) we derive

Sk+1 ~
> tetsir =50 [ a2Cakid] < C.OWR, (356)

If C. from (3.47) satisfies
C. < (CO)™! (3.57)

then from (3.52) and (3.56) we derive

2 2 2 2
1415 0,y < CUIT 0,500+ 181507y 11+

(" @ 0" O 0.7+ " DD 0.7 (3.58)

where C is a new constant which does not depend on n. Applying traces theorems in
Wzl’O(D) ([25, 65]) to the x = s"(¢) along with Morrey inequality for (s”)" and (3.105) we

get

(s (@), D" Ollzy0.1) < I™) llero.ri by (8" @), Dllyo.71 < Calllyro.p)

e (s"(@), Dllzato.r) < Callelly o), (3.59)

where C3 does not depend on v, y and n. Thus, from (3.58), (3.59) we receive the follow-
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ing estimate

112 0, < C(I6717 0000 +I8IE 0.y + ILFIE oy + IVIE o+ I 1 (3.60)

1,0 1,0
v, (D) W, (D) W,

(D))’

where C does not depend on n.

If the condition (3.57) is not satisfied, then using (3.30) we can partition the interval
[0,T] into finitely many closed intervals [tn,‘fptn_,-]’ j= I,_q with #,, =0, 1, , =1 so that
when replacing interval [0, 7] with any of the intervals [tnj_l,tn il (3.47) is satisfied with
C. small enough to satisfy (3.57). Therefore, we partition D into finitely many sets of the
form

D/ =D {ty,, <t<ty)}

so that norms ||uT||%/2 (Dj) € uniformly bounded by the RHS of (3.60). After performing
summation with over j=1,...,q we get (3.60).

Due to the fact that ¢" converge to ¢ strongly in L[0, so], from (3.60) it follows that
the sequence {u"} is weakly precompact in Wzl’O(D). Now, letu € W2l ’O(D) be a weak limit
of u¥ in Wzl’O(D), and assume that whole sequence {u"} converges to u weakly in WZI’O(D).
Let us show that u satisfies the integral identity (3.12) for any test function ® € WZI’I(Q)
so that ®|,_r = 0. Since Cl(ﬁ) is dense in Wzl’l(Q) it suffices to consider ® € Cl(ﬁ).

Without loss of generality we consider ® € C l(BTH), ®=0, forT <t<T+r, where
Dri:={(x,0): O0<x<I+1,0<t<T+T7}
Otherwise, we can extend @ to D7, with the same properties. Let

®;(k) = O(x;, 1), k=0,---,n+1,i=0,--- N
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(DT(X, 1= (I),-(k),(D;(x, l‘) = (D,'x(k),(D:(x, t) = (I)i;(k+ 1), for -1 <t =<1, X; X< Xj+1-

and

a'(x,t)y=ay, if tr1 <t<tg, x; <x<xi41, k=1,n,i=0,N-1 (3.61)

It is easy to show that the sequences {®7}, {®7} and {®]} converge as T — O uniformly

in D to ®, %%) and %#‘; respectively. By taking n; = 7®;(k) in (3.21) and after summation

with respect to k = 1,n and transforming the time difference term in the following form

n m—1 n—1 mjk+1_1 m.i1_1
DT hu®i == Y"1 > han()@k+1)= D hu 001+
k=1 i=0 k=1 i=0 i=0

n—1 Bi—1 n N

D sign(si=sie1) Y hau(®ik) == > f f i O dxdi—

k=1 F— k=110

S n-l Bl i
f " (NPT (x, T dx+ ) sign(si—si1) ) f (80 K0 = i (k) (x = x) ) D)l =
0 k=1 Xi

=y i

T s(1) S1 T-1
- f f W7 dxdt - f ¢" () DT (x,7) dx — f &) U (FO, DO (F1)(1), 1) dt
0 0 0

0
-l ane s 1 n-1 Pl
- f W] dxdi~ 5 > sign(si = 1) ) Buin(R)®i(k), (3.62)
f=1 k=1 5(0) k=1 i=ay

where

ag = min(m;,mj,, ), Bx = max(mj,,mj,_ ),
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we obtain

s(t) ou’ S0
f f —cDT bE 0T i O+ f(I)T—ﬂTCDtT}dxdt— f ¢ (D" (x, 7) dx
0

T
- f (D) Ou ()0, HDT(F(@), 1) dt + fo g(H®*(0,7)dt

0

T
+ fo (5" @), D(5") () = x (5" (1), 1) |©7(s" (1), )t + R = 0 (3.63)

where

T 6 it D7 ‘r S Sl ~T HT
R= Zf f([) acD b D7+ fO a’xdt—Zf f([) W07 dxdt
+Z f f YO0 O350, 1)) o g
= tr—1 V(1)
n—1 Sk 1 1 n—1 Bi—1
+Z f f oy dxdt—EZsign(sk—skH)Zhizuix(k)(Di(k)

) k=1 i=ay

f ¢"(xX)D (x,7)dx
S0

Notice that the sequences {ii*}, {#"} are equivalent in strong and weak topology of L>(D),

and therefore {ii"} converges to u weakly in Ly(D). In fact from (3.33) we get
n N-1
8~ ) = 5 Z Do uf (kymaxhi =0, asn— oo, (3.64)

k=1 =0

Denote
n

A= U (6,0 : iy <t < tr, min(s(t), sp) < x < max(s(£), sp))
k=1

where |A| represents the Lebesgue measure of A. Since §(#;) = sx, we get

5 n 1) t n
A< f f |5’ (@ldrde+ ) rls(te) - " (1)) <
k=1 Y111 k=1

VT|Is'll 200y + Tlls = §llcior) > 0 asT—0

and all of the integrands are uniformly bounded in L!(D). It follows that the first term
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in R tends to zero as T — 0. Similarly second, third and fifth terms also tends to zero as
7 — 0. The fourth term in R tends to zero by the Corollary 3.5.3 and uniform convergence

of {®7} in D. In order to prove convergence to zero of the last term of R, consider

1
A={ J{(x,0): timt <t<tr,dx = min(sg, spe1) < X < dis1 = max(sg, Ske1)}
1

BN
|

>~
i

Then using Corollary 3.5.3 we obtain

AlI<Ct—0, ast—0.

Since
Bl
D hi =I5k = sk
i=ay
we derive
Br—1 di+1
\Zszgn(sk—sk+1)2h (00| < Z|sk—sk+1| f 2 wria <
=y
die+1 | Ou . .
CZ e LR e L S (3.65)

dj

By the uniform boundedness of the integrands in Ly(D) RHS of (3.65) tends to zero as
T—0.

We are going to show calculations for the first term in R:
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—CI)dedt < f f —CI)Tldxdt
Zf f(t) ox Z (1)

snaTannd)xnaD)Z f f o
(t)
<)l ||<I>x||c<D)Z f [IREZT) Z f
(1)

VA 50 (3.66)

L,(D)

Sk Bu

1
2

s()

< @l |

(latter tends to zero since ||@"||z,, is bounded by R, L, norm of " is bounded by the

energy estimate, and ||®,||c(p) is bounded)

Thus we get

limR = 0 (3.67)

=0

Using the weak convergence of u* to u in Wl’O(D), weak convergence of &” to u in Ly(D)
and uniform convergence of the sequences {®7}, { T } and {®f} to D, %‘)IC) and M) - respec-
tively, and taking the limit as 7 — 0, we obtain that the first, second and fourth integrals
on the left-hand side of (3.63) converge to respective integrals with u® (or ii"), ®°, @7,
d"(x,7), ¢"(x) and ®7(0,7) replaced by u 0, 2 az’ D(x,0), ¢(x) and O(0,7) respectively.
Due to strong convergence of s” to s strongly in W21 [0, T], the traces y(s™ (1), (1)), x(s"(?),1)
converge strongly in L,[0,7] to traces y(s(?),(?)), x(s(t),t) respectively. Due to the uni-
form convergence of ®7(s"(¢),1) to ®(s(¢),7) on [0,T] by taking limit as 7 — 0, the last
integral on the LHS of (3.63) converge to respective integral with s and ®* replaced by

s and .

We are going to show calculations for the first term of (3.63):
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s(1) SO gyt T s(t) ot
f f —CDdedt f f a—CDdedt + f (@ —a)—PLdxdt
0 0 Ox

(3.68)

s(t) ou’
f f |( —CZ)E(DHCZXCZZ

(3.69)

s(t) (1) T
8“ - Olddr - f f Ou - lddi] <

-0, as n—>c (3.70)
Ly(D)

T  rs(t) . ou’” .
fo fo @ ~a) e atjddr < €l a5

since a" converges to a strongly in Ly(D), and " is bounded in Ly(D)

It only remains to show the following equality

T—-1 T
lim f ) (Ou" (F(0). H®" (3} (1), 1) de = f S Ou(s@),nd(s(r).) (371
T 0 0

Due to strong convergence of {3} to s in W21 [0,T], from (3.56) we get {u"(57(2),0)} is

uniformly bounded in L,[0, 7] and
" (57(0), ) —u" (s(t), Ollr0r1 = 0 as7—0 (3.72)
Due to weak convergence of {u"} to u in WZI’O(D), we get
u’(s(2),1) = u(s(),t), weakly in L;[0,T] (3.73)

Since {@7(5](2),1)} converges to @(s(¢),7) uniformly in [0, 7], from (3.72),(3.73), we can
conclude (3.71).

Taking the limit as 7 — 0, from (3.63) we get that u satisfies integral identity (3.12), 1.e
it is a weak solution of the problem (3.1)-(3.4). Due to uniqueness of the solution ([58])

it follows that the whole sequence {u"} converges to u € VZI’O(Q) weakly in Wzl’O(Q). By
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the property of weak convergence and (3.59), we conclude (3.46). Theorem is proved.

Theorem 3.6.3 implies the following existence result ([58]):

Corollary 3.6.4. For arbitrary v = (s,a) € Vg there exists a weak solution u € VZI’O(Q) of

the problem (3.1)-(3.4) that satisfy the energy estimate (3.46)

Remark: We can use the following weaker assumptions in this section to carry out
the proves

¢ € L[0,1], y.x € W,(D),

and (3.8) instead of conditions given in Section 3.4. We would only need to define ¢; as a
Steklov average
Xi+1

1
oi = h_ o(x)dx, i=0,...,N—1
i Jx;

and substitute the norm of ¢" in the first energy estimate by norm of ¢.

3.6.2 Second Energy Estimate and Existence of the Optimal Control

Let [v], to be a given discrete control vector and [u([v],)], discrete state vector, we deine

the vector

[a([v])]n = (@(0), (1), ..., i(n))

as

ui(k) 0<i<m;
k=1 ! L
um;(k) mj<i<N,k=0,n.

We are going to prove the energy estimation for the vector i([v],).

Theorem 3.6.5. For all sufficiently small T discrete state vector [u([v],)], satisfies the
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following stability estimation:

mj—1 n mj—1 n mj—1

112]'51;1 Z(; hiﬁizx(k) +TZ Z(; h;it (k)+7'22 Z hiﬁ?xz(k) <
= l

=1 k=1 i=0

C[ (& - 1918110, + 1817 4 (s @,y O s

W, S0 Wy [0.T]

sl A1 0 | (3.74)

Proof: If s;_; > s; then we can substitute u;(k) by i;(k) in all terms of (3.21). Choose

n; = 2tii;(k) in (3.21) thus from equality

2rdly ity (K)it; (k) = dj i (k) — a7 (k= 1) =t} ii7 (k= 1) + it (k). (3.75)

ikt Uiy
we get
mj—1 mj—1 mj—1 mj—1
D hidyiit ()~ Z hidl_ i3 (k= 1)+27 Z hii (k) + 7 Z hidli? (k)
i=0
mj—1 mj—1 mj—1
=7 Z hids iz (k= 1)+ 27 > i ()i (K) + 27 " hicudti(l)ii (k)
i=0 i=0
mj—1
=21 Y hifdig()) =27 [(ysn (")) = o |y, 3000) = 27gratg 300 (3.76)
i=0

If sp—1 < sk, then we can substitute u;(k) by i;(k) in all terms of (3.21) except in the
term including backward discrete time derivative. The latter will be estimated using the

following inequality:

mj—1 mj—1 mj—1
27 Z hiuz (k)i (k) > T Z hii(k) - (C)*t Z hiu? (k= 1) (3.77)
i=0 i=0 i=mj,_,

In order to show (3.77), we transform the LHS employing CBS and Cauchy inequalty
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with € = 7 to derive

mj—1 mj—1 mj—1
ZTZhult(k)u”(k) ZTZhu (=2 D" hifi(k) Z hptp(k— 1)
=mj,_, P=Mmj_
mj—l — ’
> 7 Z hult(k)—— R Z hpttpe(k = 1)
i=0 i=mj,_, p=mj _,
mj— mj—1
Z hifi? (k)——Isk—sk 2> hag(k=1) (3.78)
i=0 i=mj,_,

which gives us (3.77) due to (3.30). Thus (3.76) is replaced with the inequality

mj—1 -1 mj—1 mj—1
D hidy it ()~ Z hidl_ @2 (k= 1)+ 7 Z hiti2 (k) + 72 Z hilyii® (k)
i=0
mj—1 mj—1 mj—1
<t Z hids iz (k= 1)+ 27 > i (it (K) + 27 " hicudti(l)ii (k)
i=0 i=0
mj—l mj—l
HCPT > hag(k=1)=27 > hifixiiz(k)
i=mj,_, i=0
=27 [ (™)) = x|y, 20 — 2y 1K) (3.79)

After summing inequalities (3.79) w.r.t k from 1 to arbitrary p < n we obtain

mj,=1 p mj—1
Z @ lx(p)+TZ Z hii; (k)+rzz Z hidyi; (k)
i=0 =1 i=0 =1 i=0
mj—1 p mj—1
<(C) TZ Ly (k= Sk=1) Z hulx(k 1)+TZ Z hankt~12x(k 1
=mj_, =1 i=0
p mj-1 mj—1 mj-1
+2TZ Z hibiiii(k)itz(k) + 2 Z hiciit; (k)i (k) — 2 Z h: fzkul;(k)]
k=1 i=0
mjo—l p
+ ) hidgd =27 ) a8 x|y 70 - ZTnguoxk) (3.80)
i=0 k=1

Using (3.8) and by employing Cauchy inequalities with appropriately chosen € > 0, from
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(3.80) we get

mj,—1 p mj—1 p mj—1 p_mj-1
~ T ~
a Z hiufx(p)JrzZ Z i (k)+aTZZ hiii? (k)<TZ Z hid itz (k= 1)
= k=1 i=0 k=1 i=0 =1 i=0
n mj—1 mj—1 mj—1 0—1
Cr [ )+ Y had (k)+ > b ]jk] > higl,
k=1 i=0 i=0 i=0 i=0
n
+27 ) |orsn( Y =X ||, ,<k>\+272|gk||uo,<k>| (3.81)

k=1

where C does not depend n. First term on the RHS will be estimated as follows:

p mj— i ~2 Xitl aan(x f)
Ty Z hid! i (k1) = Z Z ——% dedidxid (k- 1)
k=1 i=0 k=1 i=0
T mjo—l
oa" (x 1) )
<2 fo eSSSUPO<r<] di max Z hiii (k) + C ; hidp?, (3.82)
Since p is chosen arbitrary, from (3.81) we derive
mj—1 n mj—1 n mj—1
a max Z hifi2 (p) + 22 D k) +agt? Y Y itk (k)
= k=1 i=0 k=1 i=0
-1
T 6a”(x 1) "
<2f eSSSUPO<x<] 'd 1<k<n Z hulx(k)+C Z h¢lx

mj—1 j mj—1

+CTZ[Z hiu? (k) + Z hiuz, (k) + Z hﬁk]

+2TZ | () =Xk
k=1

ﬁm,.,;<k>\+212|gk||a0,;<k>| (3.83)
k=1
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If

T
0a"(x,t
2f esssupOSxSlM‘dt
0
T n 1
0 t P
SZ(f €SSSUP(< 1</ = (x )' di)' T
0
-1
<2RT'7 <a (3.84)
or, analogously
T < ()7 (3.85)
<(=)r .
2R

then the first term on the RHS of (3.83) is absorbed into the first term on the LHS. If
(3.84) is not satisfied, then [0, T'] can be partitioned into finitely many closed subintervals
which satisfy (3.84), absorb first term on the RHS into the LHS in each such subintervals

and using summation obtain the same for (3.83) in general. Therefore we get

mj—1 mj—1
lrg%lihum(p)wzz;zu (k)+TZZn:2h (k)

SCTZ[ZhU(k)+zhuzx(k)+zhfzk] Z i

i:

ftmj,;(k)\ +Ct Z |8l |fig 3(K)| (3.86)
k=1

+CrZ |(ron (")) = x|
k=1

with constant C which does not depend on n.
1
Due to the fact that y,x € W, (D) we get y(s"(1), ), x(s"(1),1) € W} [0, T1 ([65, 25, 581)

and

(1), t <C 1, (1), t <C s 3.87
Ily(s™(2) )ij[o,ﬂ ||7||W211(D) Iy (s™(2) )IIW%[O’T] ”X”w;l(u) ( )

2

where C is independent of n. By Lemma 3.6.8 ,([v],) € Vr+1. Applying Morrey in-
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1
equality to (s")" we can show that y(s"(¢),?)(s")'(¢) € W24 [0, T']. Furthermore

Iy (" @, O 1+ < CilyS"O00 1 15" w001 < CYlly s
W 0,T] wir)  20T] W, (D)

2

where C does not depend on n.

Consider w(x,t) to be a function in W22’1(D) so that

w(x,0) =¢(x) for x €[0,s0], a(0,H)w,(0,1) = g(¢), fora.e.r€[0,T]

a(s"(0), Hw(s"(0), 1) = y(s" (), )(s™) (1) — x(s"(¢),1) fora.e.t€[0,T]

and

Wlly21 )y < Clllgll 1+ ey
w3 (D) [ wHo.T] W3(0.50]

" @06 O -xts"@.0] ; T]]

(3.88)

(3.89)

(3.90)

(3.91)

Function w exists due to the result on traces of Sobolev functions [25, 65]. For instance,

w can be constructed as a solution from W22’1 (") of the heat equation in

Q"={0<x<s"0,0<t<T}

with initial-boundary conditions (3.89),(3.90) and subsequent continuation to W22’1(D)

with norm preservation [73, 74].

Therefore if we substitute in the original problem (3.1)-(3.4) u by u —w we can obtain

modified (3.86) without the last three terms on the RHS and with f, substituted by

F=f+w,—(awy)y—bwy—cw e Ly(D).
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After using the stability estimation (3.34), from modified (3.86),(3.91) and (3.92), we

have the following estimate:

mj—1 n mj— n mj—
max > hid (k) +7 ) Z Wik +7 > Z hiti? (k) <
I<ksn 45 =1 =0 =1 i=0
[||¢ [— ||¢||W1[Os]+||g|| - ]+||y(s 006" @) whon”
2
2 M1~ 1
|LY(S”<’)’”||W%[ - +||f||L2(D)+Zl+<sk+1—sk> Z hit (k)] (3.93)
2B lmj

After estimating the last term on the RHS of 3.93 as in the proof of Theorem 3.6.3, we
obtain (3.74). Theorem is proved.

Result of Theorem 3.6.3 is strenghten by Second energy estimate (3.74).

Theorem 3.6.6. Let [v],, = ([s]n,[alun) € Vi,n=1,2,... be a sequence of discrete controls
and the sequence {P,([v],} converges weakly in W% [0,T] x WZI’I(D) tov=(s,a)€ H (ie.

strongly in W21 [0,T]X Ly(D)) to v = (s,a) for any 6 > 0,
Q' =0n{x<s(t)-06,0<t<T)

Then the sequence {ii"} converges as T — 0 weakly in WZI’I(Q‘) to weak solution u €
Wzl’l(Q) of the problem (3.1)-(3.4), i.e. to the solution of the integral identity (3.11).

Moreover, u satisfies the energy estimate

[t (3.94)

el 11y < CIB 150 FIEIE |+ A A1, + I )

W [0,T]

Proof: Take ¢, | O to be an arbitrary sequence and

Qn={x0:0<x<s(t)—¢,,0<t<T}
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Notice that the sequence s” converges to s uniformly in [0, 7']. Compute

o ~ n t s(t)—€m o ot
7 1) = "+
2 Q) =1 Vi1 0 ox

We define skm = x;, where

2 10072
+ [
ot

dxdt

A . €m
l:max{z <N: max s(t)—e€, <x; < max s(t)——}
ty_1 <t<ty th_1 <t<ty 2

and substitute to obtain
n 1 SZL
|1 <> f f 80 k= 1)+ 80 k)7 — 15— 1) dxdi+
f=1 ¥ k=10

Wy (Qum)
n i qu
>
k=1 k=10
n tx 521 5
+Z f f (k)1 dxdt
k=1 k-1 Y0

then by using (3.15) we derive

2
(t—t_1)| dxdr+

dil(x;k—1) N diiz(x; k)
dx dx

n i-1 n i-1
12, . Cle > > hdte=1)+7 " > haed (k= 1)+
k=1 0 k=1 0
n -1 n -1
+T Y Y ha ) +7* Yy hart ()
k=1 0 k=1 0

(3.95)

where C does not depend on n or 7. We need to prove that the RHS of (3.95) is bounded

by the LHS of (3.74) for sufficiently large n. It is enough to prove that: for fixed €, there

exists N = N(&,) so that for V'n > N

sy <min(sg, sk-1), k=1,...,n
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From (3.96) we get

>
>

n_i-1 n_ i-1 n_i-1
T Y k=1 +7 > " hail)+ 7 > bt (k)
k=1 0 k=1 0 k=1 0
n mj—l n m]—l n m]—l
<t Y g e=D+7 ) S i)+ Y > hifiz (k) (3.97)
k=1 0 k=1 0 k=1 0

In order to prove (3.96), first we prove that for sufficiently large n and all #;_| <t < t;

s(f) = 5 < %’" (3.98)
We have
s(t) = s = s(t) = s(tx) + s(tx) — 8" (1) + 5" (1) — sx
<|Is"llcro,ry7 + s = s"llcro,ry + 8™ (1) — sk
Note that
n Sk + Sk—1
)= ———
5" () 7
SO
p |Sk—1— Skl
|s(®) = skl < |Is"llcro,ryT + IIs = s"llcro,r + —s
Next, employing Morrey’s inequality and (3.5.3) we derive
’ C, n
ls(t) — skl < |Clls IIWzl[o,T] )T Ils = s"llcro,17 (3.99)

Since s" — s uniformly on [0, T'] then there exists N| = Nj(€,,) for which (3.98) holds.
In a similar manner, there exists some N, = Na(g,), such that for n > N, and for all
fr—1 <t < 1, (3.98) is true with s; replaced by si—;. Therefore, (3.96) holds with N =
max(Ni, Np).
Using (3.95), (3.97), second energy estimate (3.74), and the first energy estimate (3.33),
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we derive

AT
18711 g, < [l 0,000 + 1915, 310,501 * W0 * 171501+
My =1

HI 1 * 181817 Zl+<sk+1—sk> D hao)] (3.100)

W, (D) =
J

After estimating the last term on the RHS of (3.100) like in the proof of Theorem 3.6.3,

we obtain

iz . "2 oo HIG2 gl . +IAR p+
Wy (Qm) ( 2(0.50) W) (0,s ) Wi 0.7] 2(D)
2 2
IRy * el ) (3.101)

Due to the fact that ¢" — ¢ strongly in L,[0, so], the RHS is uniformly bounded inde-
pendent of n. Thus, {#"} is weakly precompact in Wzl’l(Qm). Therefore it is strongly
precompact in Lp(€,,). Let u be a weak limit point of {#"} in Wzl’l(Qm), and thus a strong
limit point in L(€2,). On the other hand the sequences {ii"} and {u"} are equivalent in
strong topology of L,(£2,,). In fact, we have that for all n > N(m)

n mj—

1
I =1 ) <270 ) Z | i (k)+§h?a?x;(k>] =0(1), ast—0,  (3.102)
k=1 i=0

because of the second energy estimate (3.74). Which implies that u is a strong limit point
of the sequence {u"} in L>(£2,,;,). By Theorem 3.6.3 whole sequence {u"} converges weakly
in WZI’O(Q) to the unique weak solution from VZI’O(Q) of the problem (3.1)-(3.4). Thus, u
is a weak solution of the problem (3.1)-(3.4) and we obtain that the whole sequence {#"}
converges weakly in Wzl’l(Qm) toue Wzl’l(Qm) which is a weak solution of the problem
(3.1)-(3.4) from VZI’O(Q). Therefore, u, exists in Q,, and |lu,l|1,(q,,) 1s uniformly bounded
by the RHS of (3.101). Consequently the weak derivative u; exists in , and u € Wzl’l(Q).

Employing the property of the weak convergence, after passing to limit first as n —
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+00, and then as m — +oo, from (3.101), we derive (3.94). Theorem is proved.

Furthermore, Theorem 3.6.6 implies the following existence result:

Corollary 3.6.7. For arbitrary v = (s,a) € Vg there exists a weak solution u € Wzl’l(Q)
of the problem (3.1)-(3.4) which satisfy the energy estimate (3.94). By Sobolev extension

theorem u can be continued to Wzl’l(D) with the norm preservation:

Il 11y S CUB o HISIE | Iy + I 11 + I 1)) (3:103)

= 1,1
wy (D) wH o) wytoy T My

Remark: Slightly higher regularity of u was proved and both in Theorem 3.6.6 and
Corollary 3.6.7 W,"'(Q) or W,’' (D)-norm on the left-hand sides of (3.94) or (3.103) can
be substituted with

2
W3 10,5(1)]

2

2 _ 2 2 _ 2
lual| —Onslgllu(x,t)ll +ludll7, ) or llul —Orgg;llu(x,t)llwzl[oj]+||ut||L2(D)

The proof of the Theorem 3.4.1 is the same as the proof ofl Theorem 3.4.1 in [1].
The main idea is that first and second energy estimates imply weak continuity of the
functional J(v) in W22[O, T]x WZI’I(D). Using Weierstrass theorem in weak topology and

weak compactness of Vg existence of the optimal control follows.

3.6.3 Proof of Convergence Theorem 3.4.2

We divide the remainder of the proof of Theorem 3.4.2 into four lemmas. Lemma (3.6.8)
shows that the mappings Q, and #, introduced in Section 3.3 satisfy the conditions of

Lemma 3.5.2.

Lemma 3.6.8. For arbitrary sufficiently small € > O there exists ne such that

Q.(v)eVy, forallveVg_ andn> ne. (3.104)
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Po([v]n) € VRye, forall [v], € VI”e and n > ne. (3.105)

Proof. Let0<e<<R,veVg_and QW) = [v], = ([s]n, [al.n). The estimates for the first
component of the control vectors is handled as in ([1]). By applying Cauchy-Bunyakovski-

Schwarz (CBS) inequality and Fubini’s theorem we have

n-1 -1, Tkl

S

Tszrk Z% f(s t—-s"(t— ‘r))dt <_f s’ (1) — S(l—T)|2dt
k=1 =1 o
T
S% f dt f |s” ()¢ < f Is”(t)lzdt Ts-k_ f s’ (1) dt, (3.106)
T -1 =1
TS0 = f (s <t)—s<0))dr2<% f |5 (1), (3.107)
‘ZTsk f s (l)dt' ‘fo(s &) dfdt‘
ne] Tl 1 T
Z f f [s2(&) + (s"(&))? 1dédt < T f [s%(t) + (s"(1))* 1dt < (R—€)*7, (3.108)
k=03 & 0
Thus,

T T T
7’ 4 1 144
sl < f |s” ()i + f 5" de + f | (1)t + (R— €)*r
0 0 0

< Isli? +0(7) (3.109)

W3[0.7]

Using triangle inequality to estimate the difference between corresponding norms, we
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get

n N-1 1/2
[ Zrh laj] } [ f f la(x, 1) dxdt]
k

=1 i=0
1/2

n - Xi+1
<[ f f laix —a(x, t)| dxdt
=1 i=

We are going to show that RHS of (3.110) tends to zero

n N-1

Xi+1
ZZf f laj —a(x, D) dxdt
=1 i=0
Calculate
n N-1

Xi+1
Z f f laj —a(x, D) dxdt

k=1 i=0

flk fxm 1
- ;)
=1 izo Vi Yxa T

f la(x;,z) —a(x,2) +a(x,2) —a(x,1)]dz

2
dxdt

1)
f ' la(xi2) - a(x, 0] dz
k-1

2
dxdt

2
dxdt

—(y,z)dy+fz ag(x §)d§]dz

n N-1

Zf fx“f

=1 i=0

n Nl ikl |

+ —_
AN

k=1 i=0

2

<2 —(y, 2)dy| dzdxdt,

f da., f)a’f‘ dza’xdt]<11+12
t
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Let’s denote terms on the right hand side by /i, I then

n N-1

Xitl ] Xi+1 oa
I = ZZf f f f (yz)‘ dy(x - x)dzdxdi
k=1 i=0
A Xitl ] Xi+1
<2 f f f f —(y,z)‘ dydzdxdr
2
k=
||ax||L2(D)— ) (R 6) (3.111)
Similarly,
n N-1 p ~xpg e ol 0 2
f f f f dédzdxdt
k=1 i=0 Yk-1YXi te—1 V-1 0
= Plladly,p) < T(R-€) (3.112)

By (3.110), (3.111), (3.112) it follows that

n Az
ZZrh lal? <||a||L2<D>+ S +TAR=€)

=1 i=0

Since

A<CHT (3.113)

and hence

S
¥

1/2
Thi|aik|2] <llallL,py + VCT+T*(R—€) (3.114)

»
I
LN
T
o
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Next, consider the second term in ||[a].nllp,:

n N-1 n N1y 211/2
[Z Z Th; |azkx [Z Z e a(xis1,1) —a(x;, Ndt
1 i=0 k=1 i=0
" N= 1 Xitl 2112
Z— f f (x fydxdt
i=0 hit li—1
oa
< — d dt 3.115
fj;‘(?x o ] Hax Ly(D) (3.115)
Lets consider the third term in H[a]nN . :
2
By triangle inequality,
n N-1 1/2
ZZTh |alkt| ] ff'(’) dxdt]
k=1 i=0
n N- Xi+1 2 1/2
Zf f Ajkf— (x,t)' dxdt
ot
=0
It is enough then to estimate
n N-l~ne ;g da 2
Jy = f f a,-k,;——(x,t)‘ dxdt (3.116)
k=1 i=0 ¥ l-1 Y% ot
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Calculate

=

n

2
dxdt

19 a
[f la(xi,&) —a(xi,& —7)] df] - a—?(x, )

-1 Xi+1 1
f f 2
1 fol 1
k=1 i=
n N-1 1 Xi+1
< —2f dt dx f f
— th—1 T

k=1 i=0

II
—

I|
TE

2

N

0
[“um umw&

§T

dxdt

(=]

é‘a(xl,,u) da(x, t)' dudé < Ky + K,

-~

N-1

2 ¢ il da(xi,p) aa(x 1)
K==
AES el e IS
k=1 i=0
2 n N-1 xl+l f{ Xi aZa(y /l) 2
=— d ———dy| dud
ﬂZZf f 1), ool due
k=1 i=0
2A n N-1 Xz+l Xi+1 82 , 2
SN [ [
72 pr e +Jx; Oxot

By using Fubinis theorem:

l
2A Xi+1 +7, 92 Xi+1 Tk | A2
KIS— " d§ a“(y“)'d dy + d.f ‘9“(”‘)|
TZ i= 0 Ik-1
n Xit+1 Tk 2 Xit+1 Ik 2
<A (f f ﬁa(yﬂ)'dd+f f Faly, w2 dy)
=\ Jy, h, ! Oxot f Cox0t
3.117
”(9x(9t L*(D) ( )
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ﬁa(x ;1) da(x, t)‘
I n f
fzf" dtfk aa(x,u) da(x, t)‘ i
0 3=1 Y1 fk-1 ot
" a(x,t+0) 8a(x t)

2 [ n e t—
T 0 k Th—1 tr—1—t at

S% I [ dt T 10a(x,t+0) 8a(x t)
T ot
ff '8a(x 1+ 0) (')a(x t)’ ddx
< dmax 6a(x,t+0')_8a(x,t)
T ozt ot ot L*(D)
Lastly,
n—1N-1 pmIN-T
Zzhl |aikxt = }T|(al+1k aix) = (@iv1 k-1 = Qij-1)|
k=1 i= k=1 i=0 Ut
n—1N— 1
= (a(xl+1,t) a(xi,1)) = (a(xir1,t =7) —a(x;, t = 7)dt
i KL N
n—1N-1 2
1 Xi+1 o
ZZ— —a(z,t)— (=) dzdr
k=1 i=0 h
n- —1 Xi+1 2
—‘f f —(Z &) dédzdt
=1 i= t— T
By CBS inequality,
n—-1N-1 n— lN—l Xitl
D it gl <> = f f fTﬁ(z,f) dédzdt
k=1 i=0 k=1 i=0
dgdzdt
SN
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(9a(x ,u) oa(x, t)' dudé

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)

(3.124)

(3.125)



By Fubini’s theorem, it follows that

n—1N-1
hit|ai i <ff dxdt+f f —(x f) dxdt (3.126)
_r 0xot
k=1 i=0
Thus,
laluwllgyr < llallgpi o, + 2AR =€)+ VTR~ €)
2a da(x,t+0) Oa(x,1)|2
+2A||l— +2 ‘ - ‘
Haxaz PRI (5| ar N2
0l 524 2 1
+(ff (0| dxdi)’ <l +O(VD +o(1), as 710 (3.127)
Next,

< llallz.(p) (3.128)

1 Tk
mm:ifamﬁm
T I
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n

< 1
E Tla " = E T
.

19 !
= f |ag(xi, )ldédt
k=1 k=1 Ik

1 JVI-T

Y

y—1

n t t % 1y t 571
< 71—27[( f Iaf(xi,f)lydfdt) ( f f ldgdt) ]
k=1 tg—1 JI-T lg—1 JI-T

n
1 19 !
< [ [ Jactsopazar
T tr—1 JI-T

1
;[ f f lag(x;, )7 drdé + f f lag(x;, gf)mdg]
k Tk—1

[ f lag(xi, I (€ +T = fr—1)dé + f lag(xi, )N (= §)d§]

INA
L

n
<
k=1

1
;[ f lag(xi, & =D (€ = tr_1)dE + f |ag(xi, ) (tx — §)d§]
=1

N

1 "
—[ f lag(xi, )Y (1 — -1 )dE + f (|a§(xi,§_7')|y_|a§(xi,§)|7)(§—fk—1)df]

Tk—1

"‘]

k=

T T
Sj(; esssup Iag(x,§)|7d§+j(; |Ia§(x,-,§—r)|7—Iag(xi,§)|7

0<x<l

dé (3.129)

We are going to show that the second term on the RHS tends to zero as 7 — 0

We have:

d¢

T
fo (i € = D - lag(x, O

T ld
:fo f de(elaf(xlf T)|+(l_9)|a§(xi,f)|)yd9'df

T 1
- fo y fo (6lag(& =0+ (1 = 0)lag(x. O)  do- |lag(xi.& )|~ lag(xi. £)]de
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T
-1
S?’L (|a,(x,-,t—7')|+|at(xi,t)|)y ag(xi, t — 1) — a(x;, )|dt

y=1

T 1 T
<y | laxit=1)=aCei 0l dr) (| (aCxi t =0l +lagx, 1)) dt) 7
0 0

T T Rt
(f esssup Iat(x,t—T)lydt) +(f esssup Iat(x,t)lydt) ]
0 0O<x<I 0 0O<x<I

1
T Y
X (f esssup Iat(x,t—T)—a,(x,t)Ide)
0

=

=Y

0<x<l
T -l T L
< y27_1[(f esssup |as(x, t)Iydt) ] (f esssup la;(x,t — 1) — a(x, t)Iydt)
-1t 0<x<l 0 0<x<i
= 727_1||at||z;’17(D)||a,(x,t—'r) —af(x, L,y =0o(1), 710 (3.130)
¥ ateisnndi= [ (i, ndt
|aik,x| = h
Tk [Xi+l
oy Jy et el I3 (3.131)
Th; Ox!|IL(D)
Thus,
”[a]nN”Wiély < ”a”W(L;‘y +o(l) (3.132)
From (3.106)-(3.132) it follows that
max(|ILslallyz: lllalavllg . lalavll, 0 )
< maX(||S||B%(0,T); ||a||W21,1(D); ||Cl||W;;1y(D)) +O0(Vr)+0(1), as 710 (3.133)

From (3.159), (3.104) follows. Now let [v], € V and let (s,a) = Pp([v]n)
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[ T
f f la" (x, > dxdt
0 JO

n N-1 ~xin i
= f f [aik + ainee(x = X7) + @it — 1) + Qii(x — x)(¢ — 1) dtdx
k=1 i=0 Y Tk-1
n N-1 ~xio iy n N-L ~xy
= f f al.zkdtdx+z Zf f alkx(x xl)zdtdx
k=1 i=0 YXi l-1 i=0
n N-1 x| tx n N-1 Xitl A
+ Z f afkl-(t—tk)zdtdx+z Z f az, (x—x)2(t - ty)*dedx
k=1 i=0 YN le=1 k=1 i=0 Y fe=1
n N-1 ~xr i n N-l oy e
+2 Zf f Air Qi (X — xp)dtdx + 2 f f apai(t — ty)dtdx
k=1 i=0 Y¥i s k=1 i=0 Y le-1
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s
2

Xi+1
+2 Z f f Qipigi (X — i)t — t)drdx
k=1 i=0
n N-1 Xit]
2> f f Qi (X — Xp)a(t — t)drdx
k=1 i=0 4
n N-1 Xi+1
+2 Z f f Qixtlioi(X = %) (1 = 1) dtdx
k=1 i=0
n N-1 X+l
+2 f f AiiQik( X — xl)(t_tk)zdtdx
k=1 i=0
= ZKi (3.134)
i=1
n N—-1 Xisl 11 n N-1
K = f f Gdidx =" thia = llall
k=1 i=0 Y% fk-1 k=1 i=0
n N-1 n n N— lTh A n N-1 h:
K> = f f alkx(x X;) 2a’m’x Z 2k =3 ?la?kx
k=1 i=0 Y Xi Tk-1 k=1 i=0 k=1 i=0
A2
< ?RZ (3.135)
n N-1 ~x 1ty n N—lh 3 n N-1 h:
K3 = f f al.zkt-(t—tk)zdtdxs %alzkt—rz ga?kt—STsz
k=1 i=0 YN k-1 k=1 i=0 k=1 i=0
(3.136)
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._.

n N—-

n N-1 ~xio iy 5 ) 5
Ky = f f aikxt'(x_ xi)"(t =) drdx < 9 zkxt 9 hit zkxt
k=1 i=0 ¥ l-1 k=1 i=0 k=1 i=0
242 1 N-1 2A2p2
T°A T°A“R
< hita, ;< (3.137)
9 IKxt 9
k=1 i=0
n N-1 X1 tk N-1
Ks=2 f f A Qi (X — x;))dtdx = Z Z Th Aik Qi
k=1 i=0 Y %i S| k=1 i=0
n N—l l n N—l l
< A( thiaz)’ (D thiag,)” < AR? (3.138)
k=1 i=0 k=1 i=0
n N-1 fe n N-1 )
Kg=2 f f apaii(t —ty)dtdx < Z hiteagas
k=1 i=0 VX Yl k=1i=0
n N-1 1 n N-1 1
< T( h,-Tale)z( hl‘ra?kt-)2 < 7R? (3.139)
k=1 i=0 k=1 i=0
n N-1 Xt 1 n N-1 2h2
K7=2 f ik Qikxi(x — X;)( — f)dtdx < Z Z = QikQikxt
k=1 i=0 X lk=1 =1 i=0
n N-1 n N-1 2
TA 2\3 » \s _TAR
< —( thiag)* () ) thiagg) < — (3.140)
k=1 i=0 k=1 i=0
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n N-l ~xiy i n N=lp2p2
Kg=2 f f Qikx(x — xp)apq(t — f)dtdx < Tlaikxaikt'
k=1 i=0 YXi Tg-1 k=1 i=0
n N-1 n N-1 2
TA 2 \3 » \s _TAR
< 7( Thiaiki) ( Th"aikx) =9 (3.141)
k=1 i=0 k=1 i=0
n N-1 i n N- 1h3 2
Ko =2 f f Aitx@ipai(X — X7) 2t = ti)dtd x < Z Z i Aifx i
k=1 i=0 “Xi lk=1 k=1 i=0
N-1 n N-1 2.p2
AT 2 \3 2 5 _ATR
< T( h,mikx) ( h,mlkxt) <— (3.142)
k=1 i=0 k=1 i=0
n N-1 ~xii ;i 5 n N- h 73
Ko=2Y, ) [ [ awata-xe-nPdrd it
k=1 i=0 Vi fk=1 k=1 i=
N-1 n N-1 2R2
AT % % R
< 5 hiray)' (D hirag,)” < 3 (3.143)
k=1 i=0 k=1 i=0

Using CBS inequality and 2 = O( /1) it follows that:

f f " (x, 1)Pdxdt < erh @, +O0(V7) (3.144)

k=1 i=0

[ T oa" ) n N- X1
fo fo Eey) dxdt— Z f f [ + it — 1)) dtdx
N

n N-1

Xit] Tk
2
= f f [ag, + ,kx,(f 10)? + 2@ it — 1) |dtd x
X t

k=1 i=0 i k=1
n N-1 n N-1 n N-1
3h; 2
it ), 243 et 2 ) T it
k=1 i=0 =1 i=0 =1 i=0
n N-1 2 n N—l n 1 n N-1 1
2 T z 7
< Thiaikx+?22‘rh At T ZZTh alkxt ZZThlalkx
k=1 i=0 k=1 i=0 k=1 i=0 k=1 i=0
N-1
n o 2R2
< ZT iy 3
k=1 i=0
n N-1
<)) thiag, +0@) (3.145)
k=1 i=

88



n N-1 Xt
f f o 2dXdl = Z Z f f Ajki + Qjgxi(X — xl)] dtdx

=1 i=0
n N- Xi+1
:ZZf f alkt-+alkxt(x x;)? + 2aiitii(x — xi)|dtdx
k=1 i=0 k-1
n N- n N— lTl’l3 n N-1 )
Z it ), )3 et ) ) Thidiadica
=0 k 1i=0 k=1 i=0
n N-1 A n N— n N-1 . n N-1 1
Th — +A Tha z thid? )7
lkl 3 lkxt 1kxt 1%kt
k=1 i=0 k=1 i=0 =1 i=0 k=1 i=0
n N-1
2
ZThazkt+_+AR
k=1 i=0
n N-1
s Zrh a2 +O(VT) (3.146)

=1 i=

(3.147)

! T (9261” 2 n N- X1 n N-1
fofo‘axaz(x’f)‘ dxdi = Zf f Copdid= "3 thidl;  (3.148)

k=1 i=0

ny2 2
Thus we get |la IIWZI,I(D) < II[a]nllw;l +O0(\T1) (3.149)
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la" (e, Ollwy = max — max |aj + aixe(x = X;) + @it — t) + aig(x = x;)(t = tk)'

0<i<N—-1 x;<x<xjyq
1<k<n t—1<t<t

= max max |laul+ il - 15— xil + laugl - |t — 1] + il -1 = xil -1t = 1|
0<i<N—-1 X;<x<Xiy]
I1<k<n -1 <t<ty

< max |a,k|+A max |G
0<i<N-1 <N-1
1<k<n lskSn

+T max Ia,k,I

0<i<N
ISkSn
Aj+1ki — Aikt
+ max max |——2| hi-|t—t]
0<i<N—1 ty—1 <t<ty, h;
1<k<n

< max Ia,k|+A max |ikex]
0<i<N-1 <N-1

1<k<n lskSn

+7 max |a,k,|
0<i<
ISkSn

+7_max |al+1kl ikl
0<i<N
ISkSn

< max Ia,k|+A max Ialkxl
0<i<N-1 <i<N-
1<k<n lskSn

+T max |a7
OsisN—ll i
1<k<n
+T max |a; A+T max |a;7
a1kl OSiSN_ll ikil

0<i<N-1
1<k<n 1<k<n

< max laj|+Cit+CovT
0<i<N-1
1<k<n

<|llalwlli, + Cit+C2 VT (3.150)
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n

a
||g(x7l)”Loo(D) pJnax | max |k, x + ajpxi(t — i)

1<k<n

Aik,x — Ajk—1,x

(r=1)l

= max max |ajx+
0<i<N—-1t—1<tty

1<k<n

< max |axl
0<i<N-1

1<k<n

r oa"(x,t)y
H H = esssup —‘ dt

0<x<l

Tk
:Zf max — max |apg+ ajpr(x—x)|7 dt
= Jy OSISN=1 <3<

n Tk i1 — g
+ 1kt 7
= max max |aj;+ ;(x —x) dt
k=1 t—1 0<i<N—-1x;<x<xj41 hl

Ai+1ki — diki
= > T max max |agpi+—
0<i<N—1 % <x<Xi4| h;

(x—x)I” dt

<ZT max |az+1kt| slai”}
0<i<

n
< ZT max |aj”
- 0sisN

Thus,

a1 ) < Nlalanllzir +OC V1)

Direct calculations lead to

n—1 n—1 n—1
||s|| 52+ > 152, + ) 182 +lTs +Cr.
W2[0 T] k t.k ft.k 3 1,1
k=0 k=1 k=0

(3.151)

(3.152)

(3.153)

(3.154)



where C does not depend of 7. We use C for all constants which are independent of 7. By

applying CBS we get
l T
57%1———@0ﬁ—s®D t[m%m%h (3.155)

After applying Morrey inequality to s’(¢) in (3.155) we get the following estimate

1
§Tst1 < CT||S||W2[OT (3.156)
Since [v], € Vy, from (3.154),(3.156) it follows that for all 7 < 2C)"!
15121077 < (3.157)
Thus from (3.154),(3.156),(3.157) it follows that for sufficiently small 7
n—1 n—1 n—1
||S||€V§[O’T] < ZTSiJFZTStg,k"'Z”z%,k"'CT (3.158)
k=0 k=1 k=0
From (3.134) — (3.158) we conclude that for sufficiently small 7
maX(”S”B%((),T); ”a”VVZI’I(D); ”aHW;;}y(D))
< maX(H[S]n”b%; ”[a]anlW;,l ; ||[a]nN||wi51y) +0(V1) +0(1) (3.159)
From (3.133) and (3.159) lemma follows. |
Lemma 3.6.9. Let J.(x€) = ‘i/nf JW), €>0. Then
R+e
lim J.(€) = 9 = lim J.(—¢€) (3.160)
e—0 e—0

The proof of Lemma 3.6.9 is the same as the proof of lemma 3.9 from [1].
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Lemma 3.6.10. For arbitrary v = (s,g) € Vg,
’}i_g}ofn(Qn(V)) =JWv) (3.161)

Proof: Letve Vg, u=u(x,t;v), Q,(v) = [v], and [u([v],)], be a corresponding discrete
state vector. In Theorem 3.6.6 it is proved that the sequence {#t*} converges to u weakly in
Wzl’1 (Qy,,) for any fixed m. Therefore the sequences of traces {&i"(0,#)} and {#t" (s(t) — €, 1)}
converge strongly in 1[0, 7] to corresponding traces u(0,) and u(s(t) — €,,t). We will
show that the sequences of traces {u#*(0,7)} and {u"(s(¢) — €,,1)} converge strongly in
L?[0,T] to traces u(0,7) and u(s(t) — €,,1) respectively. Using Sobolev embedding the-
orem ([25, 65]) it suffices to show that the sequences {u"} and {ii"} are equivalent in strong
topology of Wzl’o(Qm). In Theorem 3.6.6 it is demonstrated that they are equivalent in
strong topology of L»(£),,), therefore we only need to prove that the sequences of deriva-
tives %—‘;T and %—‘A;T are equivalent in strong topology of L,(€2,,). Using the proof of the

Theorem 3.6.6, from the second energy estimate (3.74) we conclude that for all n > N(m)

2

o o
ox  Ox

mi—1
1 S
L2(9m>g§;7 ;hi”ix;(kFO(T)’ as T — 0. (3.162)

Let @"(x) = w;, W' () =pk ,if oy <t <t k=1,....n, x;i <x<Xjy1,i=0,m—1.

We have

™ = il 20071 = O as T — 0 (3.163)

Estimation of the first term in 1 ,(Q,(v)) derived as follows:

We have

lo"(x) — w00 =0, as n—0 (3.164)
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m m Xi l
D him - w)* =) f lui(n) — w;|*dx = f i (x, T) — " () (3.165)
i=1 i=1 Vi1 0

=l (x, T) = & (D)l 20 (3.166)

Now we are going to use backward triangle inequality

" (x,T) - CDT(X)”LZ(()J) —[lu(x,T) - a)(x)lle(O’l)
<la* (x,T) = &"(x) — u(x, T) + w(X)|l 120,
< la* (x, T) = ulx, D20, + 107 (0) = w0120,
= 1a" (e, T) = (6, T) +u™ (6, T) = u(x, Tl 20 ) + 107 (x) = ()l 220,

< Na@® (e, T) = u" (6, Dllpzg0, + 1" 6, T) = ux, Dl 20,1 + 107 (X) =0l 120y (3-167)

Here 2nd term on the right hand side goes to zero as 7 — 0 by the similar argument

stated in the [1].

To prove that the first term goes to zero, lets consider the following:

m=1 Xit+1 2
”i’?T(-x’ T) - MT(x’ T)”i2(0’l) = Z f [l/li(n) - ll’\t(x9 n)] dx
i=0 VX

m— Xit+1 &
5 f |1t =2 s~ it
Py i=0
. o 3 m—1
:% Z [4i+1(n) — ui(n)]? % W2 (n) (3.168)
: i=0
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Here is the estimation for the second term in 7 ,,(Q,(v))

ﬁanmk(k) W —%Zf [

0 0

Sk 2
+,312f lu(s(t); k) — u |2d[+ﬁlzf (ft)aaixdx) di=L+hL+1; (3.169)

(

T(s(t),t) —u* (1)) dxdt

ou”
Ox

Since and |[u"(s(?),t) — 1" ||L,[0,7] are uniformly bounded, {s"} — s uniformly on

(D)
[0,T], by using CBS inequality and (3.99) we obtain

lim /; =0, lim 3 =0 (3.170)

n—00

Lastly we need to show that

n—oo

T T
lim > = lim B f e (s(0), 1) = T (O dt = By f u(s(,0)—p@Fdt - (3.171)
0 0
Due to strong convergence of u* to u in L,[0, T'] it suffices to demonstrate
" (s(®), 1) — u(s(®), DllLyp0.71 — 0 (3.172)

as 7 — 0. For any fixed m > 0,

llu” (s(0), 1) = u(s(0), Dlly10,77) < ™ (@), 1) = " (5(2) = €m, Dl 0,71+
Hu" (s(t) = €m, 1) = &7 (5(t) — €, Dl 10,71+

Hi" (5(t) — €, 1) — u(s(t) = €, Dll10,71 + Nu(s(@) = €n, 1) = u(s@, DllLyj0,r - (3.173)

Next we estimate the first term on the RHS of (3.173) as

s(t) ou” 1/2
" (s(2), 1) — u (s(t) — €, Dl L,[0.7] = (f ‘f() ! (x t)d ‘ d) (3.174)
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Using CBS inequality and the first energy estimate

ou”
" (5(0).1) = " (5(0) = s Dl ) < V| 5=

< C+en (3.175)

Ly(D)

where C does not depend on n. In a similar manner we estimate the last term in (3.173)

by employing CBS and energy estimate (3.46):

llu(s(t) = €m, 1) = u(s(t), Dlly10,71 < C Vem (3.176)

Fix € > 0 and find M such that for all m > M, C+/e, < €/4. Taking m = M, it follows
from (3.173)—(3.176)

llee" (s(£), 1) —u(s(t), DllL,0,17 < g + | (s(t) — e, 1) — i (5(2) — €pr, D)\l 0.7

+HIa* (s(t) — em, 1) — u(s(®) = €p, D007 (3.177)

We estimate the second term in (3.177) by using Sobolev embedding of traces

llu” (s(t) — €nr, ) = " (5(2) = €pa, Dl 00,71 < CllAT = MTIIW;,O(QM) (3.178)

By (3.102), (3.162) there exists To(M) > 0 such that V7 < 1

€

7] (3.179)

llu” (s(t) — e, 1) = 1" (5(2) = €pa, Dll00,17 <

Using well-known compact embedding theorem weak convergence of i” — u in Wzl’1 (Qur)
implies strong convergence of traces i |y=g(s)—ey, 1O Ulx=s()—ey, 1N L2[0,T] [58]; i.e there
exists 71(M) such that for all 7 < 71 we get

€

2 (3.180)

lie" (s(t) — ep, 1) — u(s(t) — epr, Hllr,0,77 <
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Therefore by (3.177), (3.179), (3.180), for arbitrary € > 0 we can choose 7, = min(7;71)

such that for all T < 7, we get

llu” (s(0), 1) = u(s(0), DllLy0,1) < €. (3.181)

This proves (3.171) and completes the proof of the Lemma.

Lemma 3.6.11. For arbitrary [v], € Vi

1im (JPu(V1n)) = Zu([V1)) = 0 (3.182)

Proof: Let [v], € Vi and V" = (5",a") = Pp([v]n). Lemma 3.6.8 implies that the se-
quence {P,([v],} is weakly precompact in WZZ[O, T]x Wzl’l(D). Next, assume that the
whole sequence converges to v = (§,a) weakly in W22 [0,T] x WZI’I(D). This implies the
strong convegence in Wzl [0,T] x Lo(D). Using the property of weak convergence we de-

duce that ¥ € V. Furthermore s” — § uniformly on [0, 7] and we obtain

lim max |s"() — ()] = 0 (3.183)

n—o0 (0<i<n

Consider the following equality
YR UNENIUOEP PN ENIOENIOENICY (3.184)
Due to weak continuity of J(v) in W3[0,7]x W,[0,T] we get
lim (J(#) ~J (") =0.

Thus, it remains to prove

lim 7([v]n) = T (@) (3.185)
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But the proof of (3.185) is almost the same as the proof of Lemma 3.6.10. This completes
the proof of the Lemma.

Having Lemmas 3.6.9, 3.6.10 and 3.6.11, Theorem 3.4.2 follows from Lemma 3.5.2.
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Chapter 4

Conclusions

4.1 Conclusions

Dissertation analyzes inverse Stefan type free boundary problem for the second order
parabolic PDE with unknown parameters based on the additional information given in the
form of the distribution of the solution of the PDE and the position of the free boundary at
the final moment. This type of ill-posed inverse free boundary problems arise in many ap-
plications such as biomedical engineering problem about the laser ablation of biomedical
tissues, in-flight ice accretion modeling in aerospace industry, and various phase transi-
tion processes in thermophysics and fluid mechanics. The set of unknown parameters
include a space-time dependent diffusion, convection and reaction coefficients, density of
the sources, time-dependent boundary flux and the free boundary. New PDE constrained
optimal control framework in Hilbert-Besov spaces introduced in U.G. Abdulla, Inverse
Problems and Imaging, 7, 2(2013), 307-340; 10, 4(2016), 869-898 is employed, where
the missing data and the free boundary are components of the control vector, and optimal-
ity criteria are based on the final moment measurement of the temperature and position
of the free boundary, and available information on the phase transition temperature on

the free boundary. The latter presents a key advantage in dealing with applications, where
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phase transition temperature is not known explicitly, but involve some measurement error.
Another advantage of the new variational approach is based on the fact that for a given
control parameter, Stefan boundary condition turns into Neumann boundary condition on
the given boundary, and parabolic PDE problem is solved in a fixed domain, and there-
fore a perspective opens for the development of numerical methods of least computational
cost.

In Chapter 2 the general Inverse Stefan Problem with unknown parameters such as
time-dependent diffusion coeflicient, space-time dependent convection coeflicient, reac-
tion coeflicient and density of sources, boundary heat flux and a free boundary is analyzed.
Optimal control problem for the free boundary system with distributed parameters for the
second order parabolic equation in Hilbert-Besov space is introduced, where unknown
parameters and the free boundary are components of the control vector, and the state
vector is the weak solution of the parabolic Neumann problem in Sobolev-Hilbert space.
Optimality criteria are based on the final moment measurement of the temperature and

the position of the free boundary, and the temperature on the phase transition boundary.

e  Existence of the optimal control is proved. The methods of proof are based on
energy estimates in Sobolev-Hilbert spaces, weak continuity of the cost functional

and Weierstrass theorem in weak topology of the Hilbert-Besov spaces.

e  Method of finite differences is implemented and space-time discretization of the
optimal control problem is introduced. Convergence of the sequence of the finite-
dimensional discrete optimal control problems to the original optimal control prob-

lem both with respect to functional and control is proved. Namely,

— it is proved that the sequence of infima of the discrete optimal control prob-

lems converge to the infimum of the original optimal control problem,

— It is proved that sequence of interpolations of the discrete optimal controls

converge to the optimal control in a weak topology of Hilbert-Besov space,
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and the sequence of multi-linear interpolations of the discrete PDE problems
associated with discrete minimizers converge weakly in the class of weakly
differentiable functions to the solution of the PDE problem associated with
optimal control. The methods of the proof are based on establishing two en-
ergy estimates in discrete Sobolev-Hilbert spaces, use of weak compactness

criteria, and delicate interpolation results in Sobolev spaces.

Chapter 3 analyzes the Inverse Stefan Problem with unknown space-time dependent
diffusion coeflicient. Dissertation introduces a new Banach space, and formulates an in-
verse problem as a parabolic PDE constrained optimal control problem in a new Banach
space with control parameters being space-time dependent diffusion coefficient and a free
boundary. The motivation for the new space is dictated with the optimal result on the
convergence of the bilinear interpolations of the grid functions in the class of weakly dif-
ferentiable functions, and establishment of the discrete H'-energy estimate under minimal

assumptions on the diffusion coefficient.The following are the main results of Chapter 3:

o Finite difference discretization of the optimal control problem is carried out and
sequence of finite-dimensional optimal control problems is introduced. Conver-
gence of the sequence of discrete optimal control problems to continuous optimal

control problem both with respect to functional and control is proved.

e Convergence of the sequence of multi-linear interpolations of the minimizing
discrete optimal control parameters to optimal diffusion coeflicient in a weak topol-
ogy of the new space is proved. Convergence of the multi-linear interpolations of
the associated discrete PDE problems to the optimal state PDE problem in a weak

topology of the space of weakly differentiable functions is established.

e  H'-energy estimates are proved for the solutions of the discrete and continuous

PDE problems under the minimal assumption on the diffusion coefficient. Primarily
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by applying energy estimate, and new interpolation results, existence of the optimal

control is proved.

4.2 Publications and Conference Presentations

The results of the Chapter 2 of the dissertation is published in the following paper:

e U. G. Abdulla, J. Goldfarb, A. Hagverdiyev, Optimal Control of Coefficients in
Parabolic Free Boundary Problems Modeling laser Ablation, Journal of Computa-

tional and Applied Mathematics, Volume 372, July 2020, 112736

The research paper on the results of Chapter 3 are in process of submission.

The results of the dissertation are presented in the following conferences:

e U.G. Abdulla, J. Goldfarb, A. Hagverdiyev, Optimal Control of Coefficients in
Parabolic Free Boundary Problems Modeling Laser Ablation, Joint Mathematics

Meetings (JMM), Denver, January 15 - 18, 2020

e U.G. Abdulla, J. Goldfarb, A. Hagverdiyev, Optimal Control of Coefficients in
Parabolic Free Boundary Problems Modeling Laser Ablation, AMS Fall Southeast-

ern Meeting, University of Florida, Gainesville, November 2, 2019.

e U.G. Abdulla, J. Goldfarb, A. Hagverdiyev, Optimal Control of Coefficients in
Parabolic Free Boundary Problems Modeling Laser Ablation, 39th Southeastern-
Atlantic Regional Conference on Differential Equations (SEARCDE), Sat, Oct 26,
2019 — Sun, Oct 27, 2019. Embry-Riddle Aeronautical University, Daytona Beach,

Florida.

102



4.3 Future Research

The results of the dissertation motivate the development of the implemented methods
to different open problems in the field. For example, it would be interesting to analyze
optimal control of free boundary problem for the nonlinear non-homogeneous reaction-

diffusion-convection equation of the type

up = (a(x)u™), +b(x)(u?), + c(x)P =0,

by exploiting mathematical theory in non-cylindrical domains ([10, 11, 12, 13]), and prop-
erties of the interfaces of nonlinear degenerate parabolic PDEs [14, 15].

Another important class of problems are optimal control or free boundary problems
for the elliptic and parabolic PDEs in domains with non-compact boundaries, and in par-
ticular with non-compact free boundaries. Generalization of the methods of [1, 2] to this
class of problems requires delicate use potential-theoretic results on the well-posedness of
the elliptic and parabolic boundary value problems in domains with non-compact bound-

aries [16, 17, 18, 19, 20].
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