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Abstract

Title: Ezistence of Smooth Solutions for the Landau Equation with Hard Potentials
Author: Shelly Ann Taylor

Major Advisor: Dr. Stanley Snelson

This dissertation is concerned with the Landau equation, an integro-differential equation
that models the particle density of a plasma as it evolves in phase space. The main topic
is the (large-data) local existence of classical solutions to the Landau equation in the case of
hard potentials (y € (0,1]). Solutions have previously been constructed by Chaturvedi [STAM
J. Math. Anal., 55(5), 5345-5385, 2023] for initial data in an exponentially-weighted Sobolev
space of order 10, but it is not a priori clear whether these solutions have more regularity
than the initial data. We improve Chaturvedi’s existence result in two ways: our solutions are
infinitely differentiable for positive times, and we allow initial data that is more general in terms
of regularity and decay, at the cost of requiring a mild positivity condition at time zero. We also
prove uniqueness, under the additional assumption that the initial data is Holder continuous.

Along the way, we establish some useful results that were previously only known in the case
of soft potentials, including spreading of positivity and propagation of Holder continuity. Many
of the proof strategies from the soft potentials case do not apply here because of the more severe

loss of velocity moments.
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Chapter 1

Introduction

We are interested in the Landau equation, a kinetic integro-differential model from plasma
physics. Let us refer to [36] for Landau’s original 1936 paper that introduced the equation, and
[9, B7, [T, B8, 46] for some general references about the equation, including physical modeling
issues. For time ¢ > 0, location € R3, and velocity v € R3, the initial-boundary value problem

for the particle density f(¢,x,v) > 0 reads

8tf+v'vwf:Q(faf)7
f(o,l‘,?]) :fO(xv’U)v (101)

f(t,-,v) periodic in & with period 1,

where f; is some given initial condition. Letting T? denote the three-dimensional torus of
side length 1, since f(t,-,v) is periodic, we may equivalently consider it as a function on T?
with periodic boundary conditions on OT?. We will often use this equivalence between periodic
functions on R? and functions on T® throughout this work.

Next, Q(f, g) is Landau’s bilinear collision operator, which acts only in the velocity variable,



and is defined by

Q)= %o ([ ato = w)f)¥900) - 50)Vuglw)]dw).

for any functions f, g : R* — R, and the matrix a(z) is defined by

z2®z
a(z) = ay (I T TLE ) |22,

where, in general, v € [-3,1], a, > 0 is a constant depending on 7, and I is the 3 x 3 identity
matrix.

The following regimes for the parameter v are considered in the literature:
e v > 0: hard potentials.

e v = 0: Maxwellian molecules.

e —2 <~ < 0: moderately soft potentials.

e —3 <~ < —2: very soft potentials.

e v = —3: Coulomb potentials.

We are concerned with the case v > 0.

Physically, the Landau equation is a kinetic model that seeks to understand the evolution
of a plasma, which is made up of many small particles, by studying the particle distribution
function f(¢,x,v) rather than tracking individual particles. While f itself is not physically
observable, any average (integral) of f in (z,v) space over a set Q C RS gives the expected
number of particles with position and velocity in 2 at time ¢.

The left-hand side of represents transport, and Q(f, f) describes how the particle
distribution changes as a result of binary collisions.

The model assumes that the plasma is diffuse enough that only binary collisions are frequent

enough to contribute, but not so diffuse that the approximation of discrete particles with a



continuous density is invalid. The model also assumes that the boundary is far away enough to
be neglected—this is the justification for the periodic boundary conditions.

The standard kinetic equation for studying many-particle systems with binary collisions is
the Boltzmann equation [44]. However, the Boltzmann equation is not well-defined for Coulomb
interactions [1I], and in the case of plasmas, the particles are highly charged ions, so Coulomb
interactions are the most relevant case. This was Landau’s original motivation for deriving
equation in [36]. Briefly, the derivation proceeds as follows: to obtain a well-defined
collision operator, one modifies the Boltzmann collision operator by screening the Coulomb
interaction potential at some length scale A. The Landau collision operator defined above, is
then obtained as the leading order term as A — oo. This limiting process is highly involved, so
we refer to [IL [12] for more details.

Let us recall some basic properties of the Landau equation. Define the following quantities:

Mass :/ flt,z,v)dvde,
R6
Momentum = // vf(t, z,v)dvdz,

R6

Energy = // v £(t, 2, v) dv dx,
R6

Entropy = // ft,x,v)log f(t,z,v)dv du.
R6

For f a solution of , the mass, momentum, and energy are conserved, and the entropy is
decreasing. Furthermore, functions of the form cre—ezlvl? (called Mazwellians) are equilibrium
solutions.

Global existence with general initial data poses a very challenging open problem. Therefore,
the scope of this dissertation focuses on the nontrivial question of local existence, which is less
understood in the case v > 0. More specifically, our goal is to prove existence of a classical so-
lution on some time interval [0, T, given some “large” (i.e. not necessarily close to equilibrium)
initial data fo. Other aspects of the well-posedness question (global solutions near equilibrium,

renormalized solutions, space homogeneous solutions, etc.) will be briefly surveyed in Section

[L.2] below.



Local existence for large initial data began with [27], which addressed the case v = —3, and
[30], which addressed v € [—3,0). The hard potentials case was established last by Chaturvedi
n [I0]. This is the most difficult case for local existence because the growth of a(z) for large z
leads to a loss of velocity moments in various estimates of the collision operator. In particular,
the analysis in [10], which involves a heirarchy of weighted Sobolev norms, is noticeably more
intricate than the existence proof for the soft potentials case in [30].

Regarding the allowable spaces of initial data, all three of the mentioned works [27], 30, [10]
worked with initial data in Sobolev spaces of high degree (at least 4) with either exponential
or high-degree polynomial decay in velocity. The next step in large-data well-posedness was
to enlarge the allowable space of initial data fy to include functions with no, or minimal,
regularity hypotheses, while still recovering smoothness of f for positive times. This is a
natural goal because the Landau equation is known to have a hypoelliptic smoothing effect
[21, 29]. This was accomplished for the case v € [—3,0) in [31], which took initial data fu with
(1+|v]°)fo € L*. Again, the proof does not extend naturally to hard potentials because of
velocity moment loss in several steps of the argument.

The only prior existence result for hard potentials is still [10], which does not imply any

smoothing for the solution. This leaves open two questions:

1. Do the solutions constructed in [10] regularize? There is an a priori smoothing theorem
for the hard potentials case [41], but it is not straightforward to apply this result to the
solutions contstructed in [10] because [41] assumes a uniform lower bound on the mass

density.

2. Can the allowable space of initial data be enlarged beyond the space used in [10], which

is essentially {fo : e?IVl fo € H'O(R®)}?

The current work answers these questions affirmatively by constructing a solution to the
Landau equation (1.0.1)) with v € (0, 1], given initial data fo with PV’ fo € L (R®) for some
B € [v,1]. We also need to assume fy is uniformly positive in some small ball in (z,v) space.

Therefore, our results are comparable to those in [31], except that we assume sub-exponential



decay in v instead of polynomial. As in [31], we require additional hypotheses on fy (Holder
continuity and a stronger lower bound assumption) to prove uniqueness of solutions.

Parts of this dissertation appeared, in a somewhat modified form, in the article [43].

1.1 Main results

Recall the notation (v) = /1 + |v|2.

Theorem 1.1.1. Let v € (0,1], and let fo : RS x R3 — [0,00) be periodic in the x variable
and satisfy

v B
1€2" fol| e rey < Ko,

for some p, Ko > 0 and 8 € [y,1]. Furthermore, if v € (0,1), assume there exist (T, vm) € RO
and d,7 > 0 such that

fo(z,v) 26, |z —am| <r|v—uvn| <r.

If v = 1, assume there exist 6,7, R > 0 such that for every x,, € R3, there exists a v,, € Br(0)
with

folz,v) =6, |z —am| <r|v—un| <r

Then there exist T,o > 0 depending on v, B, and Ky (but not on 6 or r) and a classical
solution f to the Landau equation on [0, T] x R3 x R3 such that e=o)®)” f(t) € L (RS)
for each t € [0,T]. This solution is periodic in the x variable with the same period as fo, and
infinitely differentiable in (0,T] x R3 x R3, with any partial derivative Of in (t,z,v) variables
bounded uniformly on any compact subset of (0,T] x R3 x R3.

The solution f agrees with the initial data in the following sense: for any test function

¢ € C},C2 with compact support in [0,T) x R® x R,

T
fo(z,v)é(0, z,v) dvde = / / [f(Or+v-Vy)o+Q(f, f)o] dvdx dt.
RS 0o Jre

Several comments on the statement of Theorem [[.1.1] are in order:



e The assumption of periodicity in z is purely a technical condition, and could be removed
at the cost of more technical arguments. The period does not affect our estimates quan-
titatively. If the spatial domain were not periodic, one would need to assume that lower
bounds for fy are “well-distributed” in the sense of [31], i.e. that no x location is too far

away from a location where f satisfies positive lower bounds.

e The extra lower bound condition when v = 1 may be an artifact of our proof. However,
it is interesting to note that the existence result [I0] also contains minor differences in
assumptions between the v € (0,1) and v = 1 cases, suggesting v = 1 may be a genuine

borderline.

o If the initial data is continuous, then it can be shown that f(¢,z,v) — fo(z,v) pointwise

as t — 0, as expected. The proof is identical to [3I, Proposition 3.1], so we omit it.

Next, we state our main uniqueness result. As in the corresponding study of the soft
potentials case [31] and the related work [33] on the Boltzmann equation, stronger assumptions

are required to prove uniqueness than existence.

Theorem 1.1.2. Let fy: R3 x R2 — [0,00) be periodic in the x variable and satisfy

le” " follce

k,x,v

(m3xRr3) < Ko,

for some po, Ko > 0 and o € (0,1). Furthermore, assume there are §,r, R > 0 such that for

every x,, € R3, there exists v,, € Br(0) with

fo(z,v) 26, |z —am| <r|v—vn| <r.

Let f :[0,T] x T2 x R® — [0,00) be the solution to the Landau equation (1.0.1)) guaranteed by
Theorem [L 11l
There exists Ty € (0,T], depending on Ky, po, and «, such that for any classical solution

g >0 to (1.0.1)) on [0,Ty] x T3 x R3 with g(0,x,v) = fo(x,v), there must hold f = g.



The uniqueness or non-uniqueness of the solutions constructed in Theorem [1.1.1] when the

extra hypotheses of Theorem [1.1.2] are not satisfied, remains an open question.

1.2 Related work

1.2.1 Overview of prior work on the Landau equation

In this subsection, we present some important standard references on the Landau equation.

The Landau equation was introduced in 1936 in order to deal with the mathematical failure
of the Boltzmann equation in the case of Coulomb interactions. For the physical background,
see the treatise of Lifshitz and Pitaevskii [37].

In [I], Alexandre-Villani presented an argument that directly addresses the problem of
justifying the Landau approximation, i.e. realizing the Landau equation as an appropriate
scaling limit of the Boltzmann equation.

The article [13] presents an estimate that will bound below the entropy dissipation of the
Landau operator with Coulomb interaction by a weighted H'! norm of v/f. In addition, the
article presents applications to existence theory.

The work [2I] presents the Harnack inequality for kinetic Fokker-Planck equations with
rough coefficients and applications to the Landau equation. Specifically, this paper presents
the study of the Holder regularity and establish a Harnack inequality for solutions to a general
linear equation of Fokker-Planck type whose coeflicients are merely measurable and essentially
bounded. These general results are then applied to the non-negative essentially bounded weak
solutions of the Landau equation with inverse-power law v € [—d, 1] whose mass, energy and
entropy density are bounded, and mass is bounded away from 0, implying the Holder regularity
of these solutions.

In the article 1], the author considers Gaussian bounds for the inhomogeneous Landau
equation with hard potential. The goal of the paper is to prove that solutions of the Landau
equation with hard potentials are bounded above and below by Maxwellians.

The article [3] rules out the existence of some self-similar blowup solutions to the Landau



equation. However, the question of large-data global existence vs. breakdown remains open for

the inhomogeneous equation.

1.2.2 Existence theory

In this subsection, let us discuss references on the existence theory for the Landau equation.

We begin with the article [I5], where the Cauchy problem is examined for the homogeneous
(i.e. z-independent) Landau equation, specifically for the case of hard potentials. For a large
class of initial data, it is proven that there exists a unique weak solution to this problem, which
becomes immediately smooth and rapidly decaying at infinity. This paper gives a detailed
discussion of the Cauchy problem and the qualitative properties of the solutions, specifically,
the smoothing effects.

In [47], the author establishes some global in time a priori estimates of the spatially ho-
mogeneous Landau equation for moderately soft potentials, meaning v € [—2,0). The global
well-posedness results for v € [—2,0) is deduced as an application, where the estimates include
the critical case of v = —2.

Recently, it was shown in [24] that the space homogeneous Landau equation is globally well-
posed for large initial data, even in the case of very soft and Coulomb potentials v € [—3,2).

Other works on existence and regularity theory for the spatially homogeneous Landau equa-
tion include [I7, 40, 23] [, (5, 20, 22| 14, 2| 19].

When the initial data fy is sufficiently close to a Maxwellian equilibrium state M (v) =
2

616762|v

with ¢1,co > 0, the Landau equation has a solution that is global in time. This has
been known since the work of Guo [25]. Other works on the close-to-equilibrium case include
[8, [7, (351 [16], [26], 18] and the references therein.

Global solutions close to the vacuum state f = 0 were constructed in [39] I1].

A suitable notion of generalized solution, known as “renormalized solutions with defect
measure,” were shown to exist globally for the inhomogeneous equation by Villani [45]. However,

the regularity and uniqueness of these solutions are not understood.

Furthermore, we discuss the spatially inhomogeneous Landau equation with soft potentials,



inclusive of the case of Coulomb interactions. As discussed briefly above, [30] established the
existence of solutions for a short time, with the assumption that the initial data is in a fourth-
order Sobolev space and has Gaussian decay in the velocity variable (no decay assumptions are
made in the spatial variable). Secondly, the evolution instantaneously spreads mass to every
point in its domain. The article presents the optimal result of the pointwise lower bounds for
a sub-Gaussian rate of decay.

For other works on the existence and regularity of the inhomogeneous Landau equation
without a close-to-equilibrium assumption, see [42], [34].

Next, the article [31] presented a solution that is constructed for any bounded, measurable
initial data with uniform polynomial decay in the velocity variable. This solution also satisfies
a lower bound assumption. The assumption is made, for the uniqueness in this weak class, that
the initial data is Holder continuous.

Finally, let us discuss the article [I0] in more detail. This work focused on the spatially inho-
mogeneous Landau equation with hard potentials on the whole space R3. With the assumption
that the initial data is in a weighted tenth-order Sobolev space and decays exponentially in the
velocity variable, the existence and uniqueness of the solutions for a small time is proven. The
proof presented relies on a weighted hierarchy of norms that depends on the number of spatial
and velocity derivatives in an asymmetric way, in order to overcome the moment loss issue.
Thus, the hierarchy makes it possible to deal with the terms most affected by the moment loss.

As mentioned above, our goal is to improve the result of [10].

1.3 Difficulties and proof strategy

As mentioned above, the results in this paper are in a similar spirit to [3I], which considered
the case of soft potentials (v € [—3,0)) and used norms with polynomial velocity weights (as
opposed to sub-exponential decay as in the current work). In general, the current study has to
deal with the main difficulties encountered in [31] in addition to the new issues brought about
by the stronger loss of moments when v > 0.

Let us now discuss the proof strategies for three main areas of this work.

9



1.3.1 Spreading of positivity

A key tool in [31] is the positivity-spreading result of [30], which was proven via a probabilistic
argument that requires v < 0 in an apparently essential way. In the current work (see Theorem
, we extend positivity-spreading to v > 0 via a deterministic barrier argument inspired
by a similar argument from the study of the Boltzmann equation [32]. The basic steps of this
argument are as follows: (i) propagate local lower bounds forward for a short amount of time,
(ii) spread lower bounds to high velocities, (iii) spread lower bounds in z, using the fact that
f has positive lower bounds at a desired velocity. All three of these steps are proven using
barriers. In the case v > 0 considered here, the step of spreading to large v is technically more
challenging than [32] and involves localizing in both z and wv.

This argument shows f has sufficient lower bounds at all x locations to use the smoothing

properties of the collision operator.

1.3.2 Existence

The fundamental lemma for local existence in [31] is an a priori estimate in the polynomially
weighted space L (R®) of the form || f(t) 2o ®e) < C|lfoll Lo (rs) for ¢ less than some T' depend-
ing only on || fo|| Le(rs). This proof relies on the fact that h(t,v) = Pt (v) =9 is a supersolution
of the linear Landau equation for suitable 8 and ¢, but this fact is false when v > 0, because
the coefficient ¢ grows too fast in velocity.

In this work, the polynomially-decaying function h is replaced with sub-exponentially decay-
ing supersolutions ¢(t,v) = e(p*"mv)ﬁ, for some 3 € [, 1]. The benefit of ¢ is that 9;¢ produces
a term —o(v)?$, which has the right sign to absorb the extra moments produced by ¢ when
~v > 0. This provides an estimate of the form ||e(”*0t)<”>ﬁf(t)HLoc(]Rs) < C‘|ep<v>ﬁf0||Loo(]R6) for
t in some time interval [0, 7.

Once this estimate is available, existence follows by an approximation argument similar to
[31l B3]. One smooths the initial data and cuts off large velocities, applies the prior existence
result of [I0], and uses the estimate described in the previous paragraph to apply regularity

theory and take the limit by compactness, as the cutoff and smoothing vanish.

10



1.3.3 Uniqueness

There is a fundamental difficulty, seen already in [31], [33], with proving uniqueness in the low-
regularity setting. Namely, to control the difference between two solutions f and g, one needs
some velocity regularity for one of the solutions (say f). Naively applying regularity estimates
yields a constant that blows up too fast as ¢ — 0 to be useful. Therefore, one must take initial
data that is Holder continuous and free of vacuum regions. By studying the evolution of a finite
difference of the solution, one can propagate the Holder modulus forward to positive times.
This provides enough regularity to prove uniqueness.

In the hard potentials case, the same overall strategy works, but implementing the details
requires, as usual, controlling velocity moments that are lost in the estimates. As in the proof of
existence, sub-exponential weights like e(P=70()” are needed because of the good term produced

by the time derivative falling on the weight.

1.4 Notation

For f,g: R® — R, it is well-known that Landau’s collision operator Q(f,g) can be written as

a second-order diffusion operator, in either divergence form

or non-divergence form

Q(f.g) =tr(a’ Dlg) + &g,

where the nonlocal coefficients are defined by

al (v) := a, /]RS (I - % ® |Z|> lw[" 2 f (v — w) dw, (1.4.1)
b (v) := b, /]R3 |w|Ywf (v —w) dw, (1.4.2)
& (v) = ¢, /]R3 |w]” f(v — w) dw, (1.4.3)

11



where [ is the 3 x 3 identity matrix and a-, by, cy are constants depending on y. When f is
a function of (¢,z,v), then these coefficients naturally also depend on all three variables: ¢, x,
and v.

We often use the notation z = (¢, z,v) to denote a point in R.

Throughout this work, all constants may depend on the parameter v, even when not explic-
itly noted.

We always assume the solution f and initial data f are periodic in  with period 1. Usually,
we write the  domain as R3, but sometimes we write T% to emphasize this periodicity. These

points of view are equivalent, since any function on T? can be extended by periodicity to R3.

12



Chapter 2

Preliminaries and known results

2.1 Existence for regular initial data

The following existence result was proven by Chaturvedi [10]. We state a simplified version of

his theorem with less sharp hypotheses, that is sufficient for our purposes:

Theorem 2.1.1. Let My > 0,7 € [0,1],dy > 0, fo be such that

z:lr:z\Jr\ﬁ|<1()||8$85(6d°<v> folllZzz < Mo.

Then for some T > 0, depending on 7y, dy and My, there is a non-negative solution f to the
Landau equation with f(0,z,v) = fo(z,v).
Moreover, el%="®) f € C([0,T], HL,(RY)).

Below, we will construct a solution by smoothing our initial data and cutting off large veloc-
ities, applying Theorem and deriving sufficient estimates on these approximate solutions

to take the limit.

13



2.2 Coefficient bounds

There are two types of upper bounds for af, b¥, and & we will need. The first type is based

on L'-norms of f, and are available in the literature, as in the following lemma:

Lemma 2.2.1. [/1, Lemma 2.1] Let f satisfy
/ (14 [o|" ™) f(t,z,v)dv < Ko, for allt € [0,T],z € R>.
R3
Then there exist constants Cy, Cy C3, depending only on Ky, such that

(1+ )72, eeS,
d{j(t,x,v)eiej <
I+, e-v=,
b (¢, 2,0)] < Co(1 4 [o])7 T,

Ef(t,x,v) < C3(1+ |v])”.

The next type of coefficient estimate is based on weighted L>°-norms of f, and is essentially

understood in the literature as well.

Lemma 2.2.2. If f € L([0,T] x RY) for some q > + 5, then

alj(t,z,v)eie; < C|flle(oryxrey(L+ [o]) 7+
b7 (t,,0)| < Cll f1l e (0,11 xrey (1 + lo[)Y 1,

&l (t,2,v) < O||fll e (o, xre) (1 + [0])7,

for a constant C > 0 depending only on v and q.

Lemma [2.2.1| can be proven using the convolution estimate |(g |- |")(v)| < C||g[|p ®s)(v)"

where 7 > 0 and ¢ > r + 3. We omit the details.

Furthermore, we have a lower ellipticity estimate for the matrix a’. The proof is the same

as [30, Lemma 4.3].
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Lemma 2.2.3. If f : R3 — R is nonnegative and satisfies the lower bound
f(v) >0, forallv e By(vy),
for some 7,6 > 0 and vy € R3, then for all v € R3, the matriz af (v) defined by (1.4.1)) satisfies

(1+Jv])7, e €S?,
&fl(v)eiej > (2.2.1)

ij
(1+ [v])**2, e-v=0.

with ¢; > 0 depending only on 6, r, and |vg].

2.3 Kinetic Holder norms

The regularity of the inhomogeneous Landau equation is most naturally measured with respect
to a metric which respects the invariance of kinetic equations with respect to rescalings of the

form (t,z,v) — (r?t,r3z,rv) and Galilean shifts. In more detail, define the kinetic distance
de(z,2) = [t —t|"2 42" —x — (' — )oY+ ' — .

Technically, dj, is not a metric on R” because it does not satisfy the triangle inequality and
is not symmetric. However, this fact causes no issues in our analysis. For any o € (0,1) and

domain Q C R7, we define the kinetic Holder seminorm

- [u(2) —u(2')|
[ulce () = B M Py

as well as the norm [[u|ce @) = [[ullL=(q) + [ulce (o), and the Hélder space CF(Q2) = {u: Q —
R, [Jul[ca 0y < oo}

Let us also define the second-order space C’,f’o‘ (©) using the norm

lull g2y = lull L= @) + I Voull (o) + [ Djullcg o) + 10 +v - Va)ulleg @)
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We sometimes apply the norm || - ||¢z.« to functions v where d;u and V,u may not be defined
pointwise. In this case, the differential operator (9; + v - V) has been extended by density.
Next, we recall the standard kinetic cylinders, defined for some point zy € R” and radius

r >0 by

Qr(20) = {2z = (t,z,v) ERT : t <ty and di(2,2) < 7}

={(t,x) ER*: tg —r*> <t < tg and |z — 29 — (t — to)vo| < r*} x B,(vg).
We also use the notations @, = @,-(0) and
Q" (20) = {(t,r) €ER* 1 tg —r? < t <ty and |z — xg — (t — to)vo| < 7°}.

The following is a standard result about the Holder seminorm of a product, which we state

without proof:

Lemma 2.3.1. For any subset Q C R”, and any f,g € C(Q), the following inequality holds:

[f9lce @) < I fllL=@)lglce@) + [floa@llgllL=(a)-

2.4 Sub-exponential functions

Throughout the paper, we make use of functions of the form ¢ = ™" for some p € R and

B > 0. Sometimes, p will be replaced by a linear function of ¢. Let us collect a few useful

properties:
Du, & = pBo(v)P~2v;, i=1,2,3, (2.4.1)
Duiv, & = pBW) 1S [(B = 2viv; + ()%655 + pBW)Pvev;], i, =1,2,3, (2.4.2)
040,06 = pB(0)P 0 [((B — 2) + pB(v)®) aviv; + (v)*tx(a?))] (24.3)

where a9 is defined by (1.4.1)) for any function g, and the expression in (2.4.3)) is summed over
repeated indices.
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We also have two interpolation lemmas with sub-exponential weights, that will be used in

our proof of the propagation of a Hélder modulus:

Lemma 2.4.1. For any 0,a € (0,1], any 20 € R” any B € [0,1], any p1 > po > 0, and any
g : Qo(20) — R such that the right-hand side is finite, there holds
el /200 )

< C’[e"‘)( v)? 9 1/

22 (Qo(20)) = (24.4)

2
(Qe(zm” g||L°°(Q9(Zo))’

for a constant C depending on p, B, and «.

Furthermore, the same interpolation holds for functions defined on [0, T] x RS:

2](v)? )8 11/2 1/2
[e[(Po-i-Pl)/ 1{v) g]C,‘:/z([O,T]xRG) < C[epo< ) g]cg([o,T]xRG)He g||L°°(0T] RS

with C' as abowve.

Proof. Define

o 2/
o €227 gl Loe (@4 (20))
el(p1=r0)121(v0) [ep0()? g] a0, (20))

Taking distinct z1, 22 € Qg(z0), there are two cases. If di(z1, z2) > R, then

lg(z1,v1) — g(w2,v2)]

—« —p1{vp)? o) B
di (21, 22)*/2 < CR™/2emmlvo) ||€p1< o) 9l (Qo(20))

_ vo)? )8 11/2
= Ce~llooton /200 [ero) 12 € G2 (e

If di (21, 22) < R, then with Lemma we have

lg(w1,v1) — g(w2,v2)] lg(w1,v1) — g(22,v2)|
<

d a/2
dk(Zl,Zg)a/Z > dk(ZhZQ)a k(zlyzQ)

_ o) B v)B Q
< Ce po(vo) [eP()( ) Q]C,;‘(Qe(zo))R 2

_ vg)B w8 11/2 w8 1/2
=Ce [(po+p1)/2](vo) [epf)( ) g]C’/,f(Qg(zo))H6p1< ) g||L/°°(Q9(zo))'

In either case, we see that el(Potr1)/ 2]<”°>B[g] is bounded by the right-hand side of

CY/%(Qo(20))
(2.4.4). Conclusion (2.4.4]) then follows after applying Lemma again.
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To prove the interpolation inequality on the whole space, cover [0,7] x R® with a countable

union of kinetic cylinders with radius 1 centered at z;, and note that

|[el(potpr)/2(v) gllcan ((0.T]xR®) Z eftroten/2ite QHC“/Q(szZ)ﬂ([O T]xRS))’

The inequality then follows from applying (2.4.4)) for each z;. O

Lemma 2.4.2. For g : R® — R such that the right-hand side is finite, there holds for any
20 € Ry x RS and any 0 € (0, min{1, \/to/2}),

v)? 2 2 11-5=a "(v)P %
e Digll@otzon < CLOGl i, oy 1" 980100 oy

with p' = p (6 — 2) , and C > 0 a constant depending on p, o, and [3.

Proof. First, we apply a standard unweighted interpolation between C?, C%%/3 and C® norms,
obtaining

v)? o o)” ¢
e D2gll o (qu(eay < [ D], “?3(2Q o N

Next, we apply Lemmaw 2.4.1|to D2g, with 2a/3 replacing «, and with py = 0 and p; = 2p:

B
167" D2g]| oo (@ (20))

2 %_60:/22& 2 6 /211 p(v)? 16=2a S
< 1Dl cacls Gygea 1€ D~ Qe(zw)[ 91z (@0 (24.5)
a/2 /2 a
p(v0)? (1— %) )2 3~ 5 5a plv p(v)? 16-2a
< OePr T DY) o gy ey 1€ D2l {arteon [ N o
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To absorb the exponential factor, we apply Lemma [2.3.1

IRV N8 e
eP(vo)”( 6—2“)[6')( ) g]g”iQs(ZU))

) e s Br6 6—2a
_ (60( o)’ (3 3)[ p(v)? (3= w)eptv)” (5 2).9]6'{;(@9(20))>

< ¢ (1" G2 glca gy o)

vo)B (8 — )8 (3_6 s =
020 (29[ B~ D] s (g, (o) 17 (B gIILw<Q9<ZO)>)

v B(s a
< Cller™ (& g||8a2Qs (20))’

where we used the fact that [e"<”>5(3 )]CQ(QG(ZD)) < Csa,p eP(v0)?(3-2) , since § < 1. Returning

to (2.4.5), we now have

vy 12 2 lf% v a t=2a
||ep< ) DygllLe(Qo(z0)) < C[Dvg]éga%f%(zg))llep< QHLOO?QE(ZO))H g\ g;;(Qe(zo))’

Absorbing the middle factor on the right into the left-hand side and simplifying, we obtain the

conclusion of the lemma. O
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Chapter 3

Regularity theory

3.1 Change of variables

When applying regularity estimates for the Landau equation, the ellipticity of the matrix a'

degenerate for large v. A change of variables was developed in [4] to precisely track this

degeneration.

For a fixed zg = (tg,70,v0) € [7,T] x RS, if |vg| > 2, let S be the linear transformation

defined by

luo| 1772, € L vy,

luo|7/2€, ¢ || vo-

If Jug| < 2, then we define S as the identity matrix. Next, define
Too (t,z,0) = (to + t, 20 + Sx + tvg, vg + SV).

Given a solution to the Landau equation (1.0.1)) on [0,7] x R®, one then defines

ool =1~/ min (1, /£/2) ol > 2
min (17 \/t0/2) , o] < 2,

r =

20

(3.1.1)



and

oot ,0) = f(T (600 (2)), 2 € @1(0),

where 6,,(2) = (r#t,r}x,rv). By direct calculation, f,, satisfies both the divergence form
equation

Otfeg + v Vafay =V (A(2)Vufz) + B(2) - Vi fzy + C(2) fr, (3.1.2)

and the nondivergence-form equation

atfzo tuv- vxfzo = tr(A(Z)D?)on) + C(Z)fzo’ (313)

in Q1(0), where the coefficients are defined by

A(z) = 571l (T2 (6, (2))) 5,
B(z) =118 "0 (T2, (6, (2))) (3.1.4)

O(2) = rie (Toy (01, (2)))-

The key properties of f,, and the transformed equation are contained in the following lemma,
which first appeared in [4] and was originally derived for the case v € (—2,0). However, as
pointed out in [41], the result extends to the case v > 0 with essentially the same proof. The

lemma is as follows:

Lemma 3.1.1 ([4]). With zy € (0,T] x RS given, let S and T, be defined as above.

(a) There ezists a constant C > 0 independent of zy, such that

Cvo| < |vg + 7180 < Clvgl, v € By(0).
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(b) Let f be a solution of the Landau equation on [0,T] x RS, satisfying

) WrleR, ELlu, o
a'f(tvx’v)figj ~ |bf(t’x’v)| S <’U>’Y+ ) cf(t,x,v) S <U>’Y'
)22, Elv,
(3.1.5)
Then the coefficients A, B, and C' defined in (3.1.4) satisfy
M < A(z) < AI
B(:) < Afun) 72, (3.16)

C(z) < Awo)”,

for all z € Q1(0), where X\ and A are constants depending only on the implied constants

We also note the following properties of our change of variables, which can be verified by a

direct computation: for any z1, 22 € @1,

di (6, (21), 0r, (22)) = T1dk(21, 22), (3.1.7)

and

min{1, v/to/2}(vo) " d (21, 22) < die(To (61, (21)), Too (61, (22))) < min{1, \/to/2}dy (21, 22).
(3.1.8)

The following lemma relates the regularity of f,, to the regularity of f:

Lemma 3.1.2. Let f:[0,T] x RS — R and zy € (0,T] x RS be given. Let r1 be defined by
(13.1.1)), and let ro = min{\/to/2,1}

(a) If f € L (QL"(z0) x R?) for some q > 0, then

1 fz0llzoe(@1) < CCv0) ™ If Il Lo (7 (20) xR3)-
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(b) If f., € Ci(Qqg) for some a,0 € (0,1], then
[flee (@ o(z0)) < Cmax{l,taa/2}<vo>“[fzo}c,g@9>-
(c) If f € C(Qo(20)), for some o, 0 € (0,1], then

. 2
[Fzoleg @ < Cmin{1, t5}H Flop ((z0))-

In all three estimates, the constant C > 0 is independent of f and z.

Proof. First, we note that note that Q.,¢(z0) C T2, (s, (Qs)) C Qro0(20). Conclusion (a) then
follows from Lemma a), and conclusions (b) and (c) follow by applying (3.1.8)). O

The purpose of the following lemma is to pass regularity of f to the coefficients A and C.
Since A and C are nonlocal in the v variable, the assumption of Holder continuity for f must
be made on the entire velocity domain R3. The proof of this lemma is the same as [28, Lemma

3.3] or [31, Lemma 2.7].

Lemma 3.1.3. Let f be defined in Q x R3 for some (t,x) domain Q C R*, and let z
be such that Qr, (20) C Q x R3. Assume that (v)™f € C(Q x R3) for some o € (0,1) and
m>5+v+a/3.

Then the coefficients A and C defined in are Holder continuous in Q1, and

[A] ;2073 §O<U0>2+a/3[<U>mf]cg(QxR3)7
%@ (3.1.9)

[C]c,fa/*"(Ql) < C<”0>a/3[<v>mf]cg(QxR3)-

The constant C depends only on v, «, and m.
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3.2 Regularity estimates

3.2.1 Local C?*“ estimate

The following lemma is a Schauder estimate for the Landau equation. Because of the nonlocality
of the coefficients, this estimate depends on the Holder continuity of f over the entire velocity

domain.

Lemma 3.2.1. Let f be a solution to the Landau equation on [0,T] xR®. Let 29 € (0,T] x RS
be given, and define

Q(z0) = (Qf«’:(zo) X Ri),
where ro = min{1, \/t9/2}. For some q, m, and a with o € (0,1) and
g>m>5+v+a/3,
assume that
ft,z,v) < Ko{v)y™4,  in Q(z), (3.2.1)

and (v)" f € C2(Q). Assume further that

(), &lv,
dfj(t,w,v)@gj > Ao for all (t,z,v) € Qz0) and £ € R?. (3.2.2)

()72, &,
Then
2
[Doflezrqu, ooy T 1O+ 0 Vaflezarnq )
< (1 + t5 173 wg)~(a+2m)/3+9+3a+6/at2a /94y o (1 n [<v>mf]:é?(g@$“;’/a) ’

where C > 0 is a constant depending only on Ko and N\, and ry is defined in (3.1.1).

Proof. Defining f,, as above, with base point zy, we will work with the nondivergence-form

equation (3.1.3)). Our first step is to verify the hypotheses of Lemma From Lemma[2.2.2]
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our assumption (3.2.1]) provides suitable upper bounds on & as in . The lower bound on
a’ in (3.1.5) follows from ([3.2.2)), and the upper bound follows from Lemma [2.2.1 (Note that

the L°(R3) norm of f bounds the quantity [p, (14 [v[7*?)f(¢,z,v)dv.) Therefore, the bounds
(3.1.6) are valid for the coefficients A and C' defined in (3.1.4), with constants depending only
on A\g and Kj.

The Schauder estimate of [28, Theorem 2.9], with 2«/3 replacing «, yields

2
[DUfZD]CiQ/B(Ql/Z)—i_[(at +ov- VI)fZO]Cio‘/s(Ql/2)
0 (101 lcgersn + IS I ellmian )

Applying Lemma [2.37] for the product C'f.,, and using Lemma [3.1.3] and the upper bounds on
A and C from Lemma [3.1.1] we have

[DngO]Cia/s(Quz) + (0 + v'vm)fZO]Cia/s(Ql/Z)
<C (||fzoHLoo(czl)<vo>”‘/3[<v>mf]cs<n(zO>> 1 faolgzern gy (o)
34+2a/3+3/a
+ (<UO>2+Q/3[<U>mf]C§(Q(zo))) 1z ||L°°(Q1)> .

(3.2.3)

. . 2/3
Next, we use Lemma(3.1.2(c), the interpolation [f]c,f“/s(Qm(ZU)) < C[f]CQ(QTO (20)) ||f||LOO(QTO(ZO))’

and Lemma [2.3.7] to write

. a/3
Fralozers guy < CmindL 5 gz g, (o))
< C[f]ca(QTO(ZO))HfHLoo (Qry(20))

< Cwo) "™ 0)™ F18e o, ooy 1 1

Returning to (3.2.3), using || f2o[[z=(@,) S (v0) [l zs(2(20))» @bsorbing the norm || f|| e into
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the constant, and keeping only the largest powers of (vg) and [(v)™ f]ce, we obtain

2 .
[vazo]cza/3(Ql/2)+[(at +v vw)fzo}cz"/?’(Ql/Q) (3'2.4)

_ m o atoa? m p13+2a/343/«
< C{wp) (g+2m)/3+7+70/3+6/a+2a*/9 (1+[(v> f]CE(Q/(Zj))/ ),

Finally, we translate from f,, to f, using the chain rule and (3.1.8). In particular, with ||S||

denoting the operator matrix norm of S, we have

— — —a/3 «
D2 flgsmrae, sy < O ISI2 0+ 667 @) D o] g

< C(l+toﬁlia/s)<UO>2+2Q/3[Dgfzo]cia/S(Ql/Q)7

and

[(O: +v- Vx)f]cza/s(er/Q(ZO)) < 07‘1_2(1 + taa/3)<vo>a[(at +v- Vx)fZO}C,i“/S(Ql/g)

< O+t ™) (w) 212038, 4 v - Va) Faolcoers g, 0

which, combined with (3.2.4]), imply the conclusion of the lemma. O

The following local estimate is used to take the limit in our approximation procedure when

proving existence:

Proposition 3.2.1. Let f be a solution to the Landau equation on [0,T] x RS. Let 2y €
(0, T] x RS be given, and define Q(zo) as in Lemma|3.2.1. For some q > 5+ 2y + 4a/3, assume
that

ft,z,0) < Ko(u)y™,  in Q(z0),

and

(), &l
afj(t,a:,v)fifj > X for all (t,z,v) € Q(z) and £ € R3. (3.2.5)

W, €l
Then there exist « € (0,1) and C > 0 depending only on Ky and Ao, and p1,p2 > 0 depending
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on « and vy, such that

2 — _
[Doflezersiq,, ooy T1O+ 0 Va)flzrsiq ey < O (LH10™) (wo) 74772,

k

where 11 1s defined in (3.1.1)).

Proof. Once again, we work with the transformed function f,,. As in the proof of Lemma
3.2.1] our hypotheses imply that Lemma [3.1.1] is satisfied, which in particular implies the
bounds for the coefficients A, B, and C defined in . This allows us to apply the
C* estimate of [21], which applies to the divergence-form equation and yields

[ fzollog @120 < C (1 fz0llz2 @iy + 1C(2) frollz=(@u)) »

with C > 0 and « € (0, 1) depending only on A9 and K. From our bounds on C(z) and f,,

(which come from Lemmas and a) respectively), this implies

1fz0llcs (@ 2(0)) < Clvo) =07,

Undoing the change of variables via Lemma b), we have

—a/2 o
1 lleg @y 2oy < I llL=(@yy atzon) + € (1 +t5° ) {v0)*[Fzolop (@u)0)

(3.2.6)
<cC (1 g0 2) (vg)~9T+,

since f € Lg°. To get an estimate for the C norm of f on the larger cylinder @, (z0), we use

the straightforward interpolation

[ fllce @y (zo)) < C (rla”f”L‘x’(Qro(zo)) +  sup )”fICg(er(Zl))) :

21€Qrq (20

27



and replace zo with z1 € @, (z0) in (3.2.6). This yields

—a/2
1 llez @neon < C (14 6°7%) w0 2| fl 0@y o

+  sup  |[fllep @, -
21€Qr0(20) (@i (=)

<cC (1 n taa/2> <<U0>7q+a(1+w/2) + <UO>7q+'y+a)
<C (1 + 50/ 2) (vg) 9T+,
Applying Lemma with g = (v)977~% we have

[(0) 97 flee (@, (o)) < C (1 + taa/2) )

The same estimate holds with arbitrary z € Q(zo) replacing zo, so we have [<v>q*7*af]cg(g(20)) <

C (1 +taa/2). This allows us to apply the Schauder estimate of Lemma (3.2.1 with m =

qg—v—a>5+v+a/3, to conclude

2
[D”f]cia/g(Qn/2(20))+[(8t tu- vI)f]Cia/S(le/z(zo))

<C(1+ ta5/2—1la/6—a2/3)<,U0>—q+5v/3+9+11a/3+6/a+2a2/9,

as claimed. O

3.2.2 Global C? estimate

Proposition 3.2.2. Let f be a solution the Landau equation on [0,T] x RS, and for some

7€ (0,T], po >0, B €[v,1], and a € (0,1), assume that

o™’ £ e c2([0,7] x RY).
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and

()7, &l
al;(t,x,v)&E > Ao for all (t,z,v) € [0,7] x RS and £ e R®.  (3.2.7)

)2, €,

Then

v B — i v B
Hep< ) Dgf”LOO([T/Q,T]X]RG) S C (1 +7 1+5,a) (1 + ||€p0 ) fHC'Oé OT]X]RG)) )

where p = 6 po, P(a) > 1 is an exponent depending only on «, and C > 0 is a constant

depending only o o, 5, 0, 3o, and 601 k.

Proof. Let zo € [7/2,7] x R® be fixed, and let r; be defined by (3.1.1)) and ro = min{1, \/to/2}.
As in Lemma 3.2.1} define Q(z9) = Q%% (2p) xRJ. Since our assumption on f implies polynomial
decay of all orders, we choose m > 5+ v+ a//3 arbitrarily, and choose ¢ > m large enough that

the exponent of (vp) in Lemma is negative, i.e.
—(g+2m)/3+9+3a+6/a+2a%/9+~v <0.

We apply the weighted interpolation of Lemma (note that p’ = pp with our choice of p),

followed by Lemma [3.2.1] with our choices of m and g:

v B
||6p< ) D12;f||L°° er/z(zo))

< C[D2f]

Jerot”

2a/3(QT1/2(zo)) f”C 2 (Qry /2(20))

—1-a/3 m 13+2a/3+3/a v
e (R R ) ||m< "1 e

1 3+2a/343/a)(1— 2o
§0(1+t0 o “) (1—‘r||ep0 f\|(cf(Q/Z0+/ YieZa)tass )

where in the last line, we used @, 2(20) C €2(20) and the crude upper bound [(v)™ flce (Q(zy)) <
He"°<”>ﬁf||ca(9(z())). Since zg € [1/2,7] x R® was arbitrary, and ¢y ~ 7, the proof is complete.

Note that the constant C' depends on ||eo () f||Loo([0 ]xre) due to the dependence on Ky in
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Lemma B.2.11 O

3.3 Regularity in time

The following proposition says that (z,v) regularity implies ¢ regularity, for solutions of a class
of linear kinetic equations that include the (linear) Landau equation. A similar result was
shown in [3T, Proposition A.1], under a stronger assumption on the coefficients, namely that
the zeroth-order coefficient ¢ is uniformly bounded. To prove the more general form that we
state here, one can modify the proof in [3I] in a straightforward way to account for a c(¢,z,v)

that grows polynomially in v. Therefore, we omit the proof.

Proposition 3.3.1. Suppose that f : [0,T] x RS — [0, 00) is a solution of the linear equation
Ouf +v - Vaf = tr(aD}f) +cf,
where the coefficients a and ¢ satisfy
()2 a5l o (0,11 xRE) + [[{V)el| oo 0,7 xRE) < Ko

Furthermore, assume f is locally Holder continuous in (x,v) variables, and that (v)7f is

bounded. Then f is locally Holder continuous in all three variables, and the estimate

1 flloe (@i (zo)nio0. 1) xRE) < C gy /D +y 1f|2ee (0,1 xR8) + S [F(t:-)eg, ,(Bawowo))
>t>to
to—t<1

holds, where C > 0 is a constant depending only on v and K.
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Chapter 4

Decay estimates for large velocity

Our first decay estimate shows that sub-exponential decay in velocity is propagated forward in

time.

Lemma 4.0.1. Let f be a classical solution to the Landau equation (1.0.1]) on [0,T] x RS,

periodic in the x variable, such that
£0,2,0) < Koe P 2 e R® v e R,
for some p, Ko > 0 and 8 € [y,1], and such that
1f1lLge o, xre) < Lo,

for some g > 5+~ and Lo > 0.

Then there exists o > 0, depending only on v, p, q, and Lg, so that f satisfies
fx,v) < Koe_(”_”t)w)ﬁ, 0 <t < min {T, QL} ,x e R veR3.
o

In fact, the conclusion holds for any o > CLop(1 + p), where C > 0 is a constant depending

only on v and q.
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Proof. With o,k > 0 to be chosen later, and € > 0 an arbitrary small number, define the barrier

¢(t7 U) = ¢ (tv U) + 6¢2 (t7 U)v

b1(t,v) = Koe—(P—mf)@)B7

Bo(t,v) = e (v)7.

The purpose of the error term e¢y(t,v) is to ensure the existence of a first crossing point at a
positive time. Later, we will send € — 0.

We want to show that
flt,z,v) < o(t,v), 0<t<min {T, 2£} ,xeR3 veR3 (4.0.1)
o

If this inequality is false, then we claim there is a point (to, zg, vg), with tg > 0, where f and
¢ touch for the first time. Indeed, f(0,z,v) < ¢(0,v) by construction, and since f is bounded,
there is some M > 0 (depending on €) so that f(¢,z,v) < ¢(t,v) whenever |v| > R. Since f is
periodic in z, the existence of zg = (g, 2o, vo) then follows from the compactness of the domain
[0,T] x T% x Br(0) and continuity in ¢.

To keep the notation clean, for the remainder of this proof, evaluations of f, a’, and & are
assumed to be at zp unless otherwise noted, and evaluations of ¢, ¢1, and ¢ are at (tg,vo).

At the first crossing point zg, we have 9;(¢ — f) <0, V(¢ — f) = 0, and D2(¢ — f) > 0.

These inequalities imply
o (v0)Pp1 + eky = Orp < Ouf = tr(@/ D2f) + & f < tr(al D?¢) + & ¢, (4.0.2)
since @/ is non-negative definite. By linearity, this right-hand side equals
[tr(a@’ D2¢1) + & ¢1] + ¢ [tr(a/ D2¢2) + & o)] -

Let us treat the ¢1 and ¢o terms in this expression separately. First, with (2.4.3) and Lemma
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we have

tr(@ Dign) + i

< —(p — ato)Blve)" "¢ [((5 —2) = (p — oto)B{vo)?) @l (v0)i(vo); + (vo)tr(al)| + e i
< (p — oto) BCLo(v0) 7720 (2 = B+ (p — o) B{v0)”) + CLo(vo)" 1

< (L+p%)CLo ({v0)"*#°72 + (v0)") 1

< CLop(1 4 p){vo)? 1,

since 8 < 1. Here, C is a constant depending only on v and ¢, as in Lemma Next, a

direct calculation shows that
(D32 (t,v)ij = €™ [v(y = 2) ()" vy +v(v)T7265] |
so that, after discarding negative terms,

tr(@’ Dig2) + ¢/ d2 < e (v{vo)??tr(a’) + & (vo)")
< CLoye™ (vg)*

= CLoy(vo)” p2.

Returning to (4.0.2)), we have, at the crossing point zo,

o (v0)P¢1 + erda < CLop(1 + p){vo)” 1 + eC Loy (o) da

Since 8 > ~, this inequality is a contradiction if ¢ is chosen greater than C'Lop(1 + p) and & is
chosen greater than C'Lyy. We have established (4.0.1)), and the proof is complete after sending

e — 0. O
Next, we assume that the initial data fj satisfies uniform Gaussian upper bounds:

folz,v) < Coe*p|”|2, (z,v) € RS,
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for some p, Cy > 0. As our next result shows, these upper bounds are also propagated forward
in time, i.e. f(¢t,z,v) < Cefte=rI* for t > 0. We prove it using a maximum principle argument
similar to [41, Lemma 3.1(a)].

The following is an a priori estimate for solutions with qualitative decay that is sufficiently
fast. Later, this a priori estimate will be combined with an approximation argument to extend

the estimate to solutions that are not assumed to decay rapidly.
Lemma 4.0.2. For f > 0 a smooth, rapidly decaying solution of the Landau equation on
[0, 7] x RS, with e?l* fo(z,v) € L=(R®) for some p > 0, there holds

f(t,z,v) < NePte Il

with N and 8 depending only on ||f||Lgo([0’T]XR6) for some q > v+ 5 and the initial data.

Proof. Define the barrier

g(t,z,v) = NePte Pl

with N,B3,p > 0 to be chosen later. We want to show f < g everywhere in the domain
[0, 7] x T3 x R3. We will proceed by contradiction.

We claim f < g everywhere in [0,7] x R®. If this is false, then f and g must cross for
the first time at some location (tg,zg,vg). From our assumption on fy, and by choosing N >
He”‘”'zfoHLoo, we have fo(z,v) < g(0,2,v). By continuity in ¢ and the rapid decay of f, we

must have ¢y > 0. At the first crossing location, g — f is decreasing, so we have

5tg(t07$0,110) - atf(t07x071)0) S 0.

The crossing point is a minimum of g — f in x,v variables, so we have

Vo f(to, zo,v0) = Vug(to, zo,v0),  Vaf(to,zo,v0) = Vag(to, zo,vo) = 0, (4.0.3)
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since ¢ is constant in x. From this, we obtain, at the crossing point,

from the equation satisfied by f. We will use this inequality to derive a contradiction. For the
left side, we have 0;g = BNeBte_p“"Q. For the right side, since g — f has a local minimum at

(to, w0, v0), we have D2f < D2?g, and using al > 0, we have
3 3
Q(f,f)=tx@ Dlf)+ e f <t(@ Dlg)+eTg =Y al0,0,,9+,
i=1 j=1

where we have used f(to, zo, vo) = g(to, Zo,vo) in the last term.

Overall, we have

3 3
BNePte=rlvl® < Z Z d{j&,i&,jg +clyg, (4.0.5)
i=1 j=1

at the point (tg,xo,vo). By direct calculation,

Dig = (aviaﬂ_jg)i>j:17273
— NPty (8 e—ﬂ(?)f+v§+”§)>
Vi Vj
= Neﬁté‘vi (—2pvjefp|”‘2>
=N <_2P5m‘67p|v‘2 + 4/)2%”]‘67/)‘”'2) ;

where
1 ifi=yj,
51']' =
0 ifi#j.
In order to use the anisotropic lower bounds for a/ given by (2.2.1)), we need to write D2g in

terms of directions perpendicular to v and parallel to v. Namely, we have

Dy, 0,9 = NePtemrll? [—2p(8;5 — |v] ?vivy) + (4p° — 2p|v|~?)viv;] -
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Returning to 7 we now have
2 3 3 2
BNePte=rIPI < ZZ Neﬁt 20(8i5 — [v| " viv;) + (4p° — 2p|v|*)viv)] e rlvl
i=1 j=1

+ (& 40 Vopr + C||f | ) NePte o1V,

After cancelling like terms, we get

3 3
B> ali(=2p(0i — o] ~Pvivy) + (497 = 2plo]?)uvivy) + .
i=1 j=1
Applying the lower and upper bounds for @/ from (2.2.1)) and Lemma we obtain

B < —per(L+ )2+ [4p° — plol Z[Cu[ fllzge (1 + [0]) 2 + ClIf | nge (1 + o))

for some constants ¢y, co, C7 > 0.

Now we consider the case of large [v]. Choosing p < c1/(2C1||f[|rz), we see that the term

proportional to [v|7*? will predominate for large |v|, and this term is negative by our choice of p.

More precisely, there is some Ry > 0 such that the right-hand side of our inequality is negative

whenever |v| > Ry, which contradicts 5 > 0, so we conclude a crossing point cannot happen

when |v| > Ry. Next, to rule out a crossing point with |v| < R, we see that the right-hand side

is bounded by 4C(1+ Ro)YT2+4 C3(1+ Ry)". Choosing 3 larger than this number, we conclude

the inequality must be false in this case as well, and we conclude there is no crossing point, and

our desired upper bound holds.
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Chapter 5

Lower bounds

In this step, let f be a smooth solution of (1.0.1)) on [0,7] x R®. We assume the initial data
has a core of mass:

fo(l‘,"l}) Z (5, S BT(QZ'()),U S Br(’l}o),

for some 7,6 > 0 and xg,v9 € R3. Our goal is to show that this positive lower bound is
propagated forward in time. The statement is similar to [30, Theorem 1.3], but we need to use
a different proof.

The following lemma is inspired by [32], Lemma 3.1], which applied to the Boltzmann equa-

tion, but we need to adapt the argument for the Landau equation.

Lemma 5.0.1. Let f >0 solve (1.0.1) on [0,T] x R, and assume f € L3°([0,T] x R®).
If £(0,2,v) > 8114_so|<r|v—vo|<r/o JOr sOme (zo,v0) € RS and 6,7,0 > 0, then the lower

bound

N S

f(t,z,v) >
holds whenever 0 <t <min{T, o} and, for a universal constant C,

-1

lv—wo>  |x— a0 — tv]? - 1 Qi< CHfHL;;o(T/U)z
-, an —_—

r?/o? r? 4’ (lvo| +r/o)1+2
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Proof. Consider the function

v —wo|® |z — o —to]

ft,z,v) = —cit + ¢ (1 oy 2 ) (5.0.1)

with ¢1,co > 0 chosen later.
We wish to show that f is a subsolution to the linear Landau equation, at least at points

where it is positive. Assume that (¢,z,v) is such that f > 0. We clearly have tr(a/D2f) =
tr(a’ D2(f + c1t)), so that (5.0.1)) implies

2
atiz—cl—FcQ-T—z(x—xo—tv)-v,

2
v-Vaf Cgﬁ(x—l‘o —tv) - v, (5.0.2)

—C1.

O f +v-0.f

Next, by direct calculation,

‘8iji(v)| = |4Cg7“_4(02(v —vg) — t(x — xo — tv))i(0% (v — vo) — t(x — 2o — tv)),
+ 2027”_2(5”' (02 + t2)|
(5.0.3)
< Ceo((t? +0*)r 2 +r20?)

< Ceya’r™2.

We have used ¢ < T, and that f < 0 if Zgpel 4 l2=202E 1 Using (5:0.3), Lemma [2.2.1

and ¢/ f >0, we have, at points where f is positive,

Qf. f)=tr(@Dif)+& f

> —|tr(a’ D2f)| (5.0.4)
> —C | fll gz (o) *20r 2.
Combining this with gives
Oif +v-Vaof = —c1 < =C||f|l () 20*r2 <Q(f, 1), (5.0.5)
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if we make the choice

c1 = 2C| e (Jvo| + r/o)T2a?r 2, (5.0.6)

Thus,

Oif +v-Vof =—c1 <Q(f, f) for all v € By.(vo) (5.0.7)

Now, we claim f > f for all (t,x,v) such that f(t,z,v) > 0. By choosing c; = 39
this claim is true for t=0. If the claims fails, then there is a first crossing point (., Zc, vc)
with f(tc, zc,ve) > 0, such that f(tc,zc,ve) = f(te, e, ve) and f(t,2,v) > f(t,2,v) whenever
ft,z,v) >0and t <.

The strict positivity of ¢. follows from the compact support of f(t,,-) for each t. We also
have f(tc,x,v) > f(te,z,v) for all (z,v) € RE.

Letting g = f — f, we have 0;g(t¢, z¢, ve) < 0 and Vig(te, ze,ve) = 0, so that implies
02> (0 + ve - Va)g(te, ze,ve) > Q(F, 9)- (5.0.8)
Next, since g has a local minimum in v at the crossing point, we have
tr(al D%g)(te, z¢,v.) > 0.

Since we also have g = 0 at the crossing point, we in fact have Q(f, g) > 0, contradicting (5.0.8)).
This contradiction implies f > f whenever f(¢,z,v) > 0. The conclusion then follows by

choosing C' according to the constant in (5.0.6) and using the definition of f. O
The purpose of the next lemma is to spread lower bounds to large velocities.

Lemma 5.0.2. Let f be a solution of the Landau equation (1.0.1]) on [0,T] x RS, such that

sup ft,z,v)(1+ o)) dv < Ky,
t,x JR3
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and for some 6,7 > 0, 7 € (0,1], and zo,vo € R®, assume that f satisfies the lower bound
fit,z,v) >0, tel0,7],z € Br(xm),v € Br(v).
Then, for any R > 1, f also satisfies the lower bound

flt,x,v) > e_“rll”_”mp, t€[0,7'],2 € By js(xm + tvy,),v € Br(vy),

NGRS

where k > 0 depends on §, Ky, and v, and 7 = min{r, Cr/R} for a constant C > 0 depending

on K.
Proof. First, we recenter around the origin by defining

ft,z,v) = f(t,zm + T + tog, vy, + ).

A direct calculation shows that fsatisﬁes the Landau equation in [0, 7] x R®. Our assumptions

for f imply

f(t,z,v) >0, te[0,7],x € B,»(0),v e B.(0), (5.0.9)

where 7 = min{7,7/(2|vm|)}. For the remainder of the proof, we write f instead of f.
Define ¢(z) = 1 — [z[?/(r/2)?, and note that ((z) < 1p_,(z). Let &g @ R® — [0,00)
be a smooth, radially decreasing cutoff with £z = 1 in Bi and £g = 0 outside Bspr, with

|[VER| < CR™! and |D%*¢R| < CR™2 globally in R3, for some universal constant C. Next, define
b(t,z,v) = 5(((x) = Art) (Er(v) = Agt)e T,
where k, A1, As > 0 are constants to be chosen later. For some small £ > 0, we claim that
flt,z,v) >t z,v) —e, inQ:=[0,7] xR x {|jv] >r/2}, (5.0.10)
where we extend ¢ smoothly by zero on {t =0} x R3 x {|v| > r/2}.
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First, let us show that f > ¢ — ¢ on the (parabolic) boundary of Q. When ¢ = 0 and
[v| > r/2, we have (0, z,v) = 0 and f(0,z,v) > 0 > (0,z,v) —&.
When |v| = r/2 and t € [0,7], since ((z) < 1p, ,(z) and {r(v) = 1B, (v) = 1, we have

Gt x,0) < 8lp, , (2)Ep(v)e ™™ T < 81p, , (x) = 01p, ,(2)1p, (v) < f(t,z,0) < f(t,2,0)+e,

where we used and the fact that e~ '7*/4 < 1.

Next, we claim that if is false, there is a point zg = (to, 2o, vo) where f and ) — ¢
cross for the first time, with ¢y > 0. This follows from the fact that f > 0 > ¢ — ¢ for all (z,v)
outside of a compact domain. Naturally, the crossing point satisfies |zo| < r/2 and |vg| < 2R.

At the crossing point zy, as above we have

6t(f_w)§0, Vz(f—¢)=0» Dﬁ(f—i/J)ZO,

which implies
b+ g - Vatp > Ouf +vo - Vuf = tr(@al D2f) + & f > tr(a’ D), (5.0.11)

since & f > 0 and @’ is nonnegative definite. To bound the right side of (5.0.11)) from below,

we first find via direct calculation

e, V(t, m,0) = 6(C(x) — Art)e™™ 17 [(4nt200; — 2687 16,;) (€p — Ast)

—2Ht_l ('UjavigR + Uiavij) + aijfR] .

Therefore, at zy we have

tr(@ D2p) = 5(C(wo) — Asto)e "o 10 [(drty2al (vo)s(vo); — 2nty “tr(al)) (€r(vo) — Asto)

—Anty "], (v0);00, R + 00,0, 6n)

Since &g is radially decreasing and af is positive-definite, we have fc_zlfj (v0);0v,;ER(v0) > 0.
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Next, using Lemmas and and |D%¢r| < CR™2, we have

tr(de?,w) Z 6(C<$0> — Alto)e_ﬁtal‘volz [Iitgl (01<U0>’Y/€tal|vo‘2 — CQ<U0>7+2> (ER('UO) — Agto)

702 <U0>7+2R72] y

where ¢ is the constant from Lemma [2:2:3] which depends on § and r, and C5 is the constant

from Lemma|2.2.1} which depends on K. Since [vg| > /2, we have [vg|* > 25 (v9)?. Therefore,

we can choose x sufficiently large, depending only on ¢i, Cy, and 7, such that cikty Yogl2 >

c1k|vgl? > 205(v)?. Using this, as well as |vg| < 2R, we obtain
tr(deg ) > 6(¢(x0) — Altg)ef"to_l‘“o‘? [clﬁztEQsz(fR(Uo) — Agty) — CQR’Y:I . (5.0.12)

For the left side of (5.0.11]), we have

Oyt + v - Vit = e~ 10l [(— Ay 4 vg - Vo ((0)) (€ (vo) — Ast)

+ (= Az + wty *|vo|* (€r(v0) — Aato))(((20) — Arto)] -
With A; > 4R/r, we have

Vo - Lo

4
—A1 +vo - Val(mo) < —A; —2 §7A1+7R§0,

r2

so that

O + v - Vb < 8(C(wo) — Arto) [Arty *R*(Er(vo) — Asto) — As] e~rto ' vol?

Combining this with (5.0.11)) and (5.0.12)), we obtain

(C(xo) — Alto) [0152t62R7+2(£R(’UO) - Agto) - CQR’Y:I

< (C(ZIJ()) - A1t0) [4I€t62R2(£R(UQ) - Agto) — Ag]
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or

[erkRY — 4] Kty * R?(Er(vo) — Asto) + [A2 — CoRY] <0,
which is a contradiction if k > 4/(ciR”) and As > CoRY. We have established (5.0.10]), and
after sending € — 0, we have shown f(¢,x,v) > ¥(t,2z,v) in Q. In more detail,

flt,z,0) > 6(¢(x) — A1) (Er(v) — A2t)e—/§t71|yl27

with A1, Ao, and k as above. If z = (¢, z,v) is such that

1

1
ol <r/d, t< mm{%,%}, and [ < o] <R

1 - ~
then we clearly have f(t,z,v) > Ze"“ Hol?, Transforming from f back to the original solution

f, we obtain the statement of the lemma. O
Finally, we prove our main lower bounds result:

Theorem 5.0.1. Assume that f:[0,T] x R® — [0,00) is periodic in x and satisfies
f0,z,v) > 6, |z|<r v <,

for some §,r >0, and

sup/ T+ o) f(t,z,v)dv < Ky,
R3

t,x

for some Ko > 0. Then there exists T' € (0,T] and R(t) > 0 such that for every t € (0,T'] and

x € R3, there exists a v, € Br(t) such that
f(t,i&’l)) Zn(t) >07 |v_Ua:| <T/7

where the function n is uniformly positive on any compact subset of (0,T']. The time T’ and

the functions n(t), R(t) depend on ¢, r, and Kj.
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Proof. Using Lemma with o = 1 and 2y = vy = 0, we obtain lower bounds of the form
)
f(t,.’[,”l)) Z 5, te [O,T],(EEBT/3(O),’UEBT/3(O),

where 7 < Cr? for a constant C' > 0 depending on [ fllege-
Now, let (t1,71) € (0,7] x (R®\ B,) be fixed, and let v; = z;/t;. Lemma with
R = max{1, 4|v1|} gives, with 7 = min{r, Cr/R},

5
ft,z,v) > ge—“‘“lz/t, 0<t<t |zl <r/12,]v| <R, (5.0.13)

where x is the constant from Lemma W and depends on 4§, r, and [|f|[re. Let ¢, =
min{7’,t1/2}. Letting v, = x1/(t1 — t«), we then have |v.| < 2|z1]/t1 < R/2.

For the next step, spreading lower bounds to the neighborhood of (¢1, z1), we further restrict

r | 2C
O'Hla,X{l,12 W}, (5014)

where C'is the constant from Lemma [5.0.1} and requiring that ¢; satisfy the inequality

[ [20(/12)2\""*  36C
t < mln{( K2 KR (- (5.0.15)

the time domain by defining

Since R = max{1,4|z1|/t1}, this inequality means that ¢; has to be smaller than a constant
times |x1|~(+2/(=7) which we can always guarantee because our  domain is bounded, result-
ing in a condition t; < 7, where 7 depends on Ky, r, C, and the size of the spatial domain}
This step is the only reason we require v < 1.

We would like to apply Lemma to f(ts + t,x,v), with 29 = 0, vg = v, and r/12
replacing r, and we would like the resulting lower bound to hold up to time ¢;/2 > t; — t.. For

this, we need to check three conditions:

In the case of an unbounded spatial domain where fq satisfies a “well-distributed” hypothesis as in [30],
7' would depend on the maximal distance from any x location to a location where f satisfies suitable positive
lower bounds.
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e t1/2 < o, which holds as a result of (5.0.15]).

e 7/(120) < R/2, so that B, (125)(v«) C Br(0). With our choice of o, this inequality is

equivalent to

which is true because of ({5.0.15)).

CKy '(r/(120))
(lvi] +r/(120))7+2
because of (5.0.15) and the previous bullet point.

where C is the constant from Lemma [5.0.1l This holds

o #1/2 <

We are now able to apply Lemma [5.0.1f with (5.0.13) and obtain

v —ve|? |z —tiv|?

2 /o2 r2

5 g |
t > — e rB/L =,
f( 17xvv)_16e ) 1 <4
In particular, recalling that z1 = t;v; and o > 1, we have that if |z — 21| < r/8 and |v — v.| <
r/(80), then |z — t;v| < r/4. Therefore,
r r

5 _.g2
f(tl,x,v)zﬁe Kby — | < =—, |z — x| < 3

0.1
el (5.0.16)

Recall that R = max{1l,4|z1|/t1} and t. = min{7’,¢;/2}, so that, after tracing the de-
pendence on all constants, we obtain 7(¢;) and ' as in the statement of the theorem. Since

(t1,71) € T3 x [0, 7] was arbitrary, the proof is complete. O
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Chapter 6

Proof of existence

6.1 Approximating the initial data.

Let ¢ (x,v) > 0 be a standard smooth mollifier on R® satisfying fBl(O) Wdxdv =1 and ¢ =0

outside By (0). For any € > 0, let

Ye(z,v) = 5*6d)(x/5, v/e).

Also, for any r > 0, let {,.(v) be a smooth, radially decreasing cutoff function with ¢ = 0 outside

B, and ¢ =1 in B, 3. Now define the approximate initial data

fo(a,v) = Gy () [Ye * fol(x,v),

where * denotes convolution in (z,v) variables. By standard arguments, f§ — fo pointwise as

e — 0.

6.2 Applying existence theory for regular initial data

We need to apply the main result of [10], quoted above as Theorem m
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Since we defined our f§ as the product of (j/.(v), which is further defined as radially
decreasing cutoff function with ¢ = 0 outside B, and ( = 1 in B, 5 for r > 0. This causes
the exponential function (") to be bounded by e%{1/¢) Moreover, the L? norm of 9297 f5is
bounded by its L* norm, which is finite because the convolution kernel v, is C'*°.

Therefore, our f satisfies the hypothesis of the theorem, thus giving us some solution on a

time interval [0, T;]. This solution is called f¢. Note that the time of existence is e-dependent.

6.3 Applying a priori estimates to f.

Apply both the pointwise lower bounds (Theorem [5.0.1)) and the sub-exponential upper bounds
(Lemma [4.0.1)) to f.. To do this, it is necessary to check that the hypotheses are all satisfied.

The following conditions need to be checked for the lower bounds theorem:
o fee LP([0,T:] x RY).
o f5(w,v) > 0lz)<r jv|<r for some r > 0.

Firstly, to prove f€ € L°([0,T:]xR%): f¢ € Ly°([0, T.]xR®) if and only if [(v)?- f<(¢, z, .v)| <
K.

We know that due to Sobolov embedding, we have H.%, (R°) C Hj ,(R®) C L>([0,T:] xR°).

Since el f e HIO(RS) C L(RY), then for t < do/(2k), we would have f <

Ke(do—rt){v) < Ke=(do/2)(v) and therefore
(). f < eldo/A) . f < K

Therefore, f€ € Lg°.

Secondly, we know from the lower bound lemma that fo(z,v) > 01)3<y |s|<, for some
r > 0, therefore, since the convolution f§(z,v) coverges to fo(x,v) uniformly, we conclude that
J5(w,v) > 0115)<r/2,jv|<r/2, for € small enough.

The hypotheses of Lemma are satisfied by assumption.
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6.4 Extending f. to a uniform time interval

We want to show that the approximate solutions f¢ exist on a uniform time interval [0, T]. For

this, we use the smoothing estimate of [4I], Corollary 1.2], which says: if a solution f satisfies

0<mp< / f(t, z,v)dv < My, / [v2f(t, z,v)dv < Ey,
R R? (6.4.1)

/ f(t,.f,’l]) logf(t,x,v)dv < HOa
RS

uniformly in ¢ and x, then f is C°° with regularity estimates depending only on mg, My, Ey,
and Hy. To apply this result, we need to show f¢ satisfies all four of these inequalities on
[T./2,T.] x R3, using the upper and lower bounds above.

First, we want to prove that [, f§(t,z,v)dv < M.

From above, f¢ < Ke=*" for some p > 0. Hence,

felt, z,v)do < Ke @ dy
R3 :

R3
=K / e P 24 ndy
0

=4 - K/ e=PM° L p2dr < CpK,
0

for some C, depending only on p.

Secondly, we want to prove that 0 < mg < fRB f(t,z,v)dv. From the previous section, we
know that we can apply Theorem implying that for all zg € T® and t € [T./2,T%], the
lower bound f(t,20,v) > 01|3—ag|<r,jv—vo|<r holds for some vy € R3 and 6,7 > 0. So, since
JE>0, fps fE(t 2, v)dv > fBr(vo) fe(t, xv)do > fBr(vo) gdv = g -2 = m.

Thirdly, we want to prove [gs [v]*f(t, 2, v)dv < E.
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As above, we have ef’<”>ﬂf€(t) < K for some p > 0. Hence,

/|v|2f6(t,x,v)dv§/ 2K e qy
R3 3

R
= / e P’ pdardy
0

=4r- K/ e=PM’ pddr < CpK,
0

for some C, > 0 depending on p.
The fourth goal is to show [, f(t,z,v)log f(t,z,v)dv < Hy. Note: We only integrate over
the space when f > 1, because integrating over the spacef < 1 results in a negative function.
f~logfdv§/ f-log fdv
R3 f>1

< Ke= P’ -log(Ke*p<”>B)dv

s
< Ker)". (log K + log e_p“’)ﬁ)dv
f>1
< [ K log K = plo) o
>1
= Ke=p®)” log K — Ke= )’ - plv)?)dw.
f>1 f>1

Note: — ff>1 Ke=r)’ . p(v)Pdv yields a negative value, hence it will be disregarded. So,

Ke )" . log K < KlogK - e=P’ gy < KlogK - =P’ g,
f>1 f>1 R3

Next, we re-apply the existence theorem of Chaturvedi quoted above, with initial data
f(Te,z,v), to show f can be extended to a time interval [0, 7. + 71|, with 77 depending on the
H'0 norm of e?Il f(T., z,v). This quantity is independent of &, by [4I] and our above estimates
of the mass, energy, and entropy densities. Therefore, we have shown the approximate solutions

f¢ exist on some uniform time interval [0, 7.
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6.5 Limitase—0

Since f€ solves the Landau equation, we can apply the regularity estimate of Proposition [3.2.1
The hypotheses of this proposition are satisfied, by our upper and lower bounds for f¢ and
Lemma 2.2.3]

Next, we use the following compactness theorem: If a sequence of functions f¢ is uniformly

bounded in the norm

”fE”ciﬁ(Q) = [D?;fs}c{:(g) + [(at +v- vx)fs]c]/:(g) + ||f€||L°°(Q)7

for some bounded subset 0 C R7, then they converge in Ci’ﬁ /(Q) for any 8 < ' to a limit
f. Since Q is arbitrary, f is defined on all of (0,7] x R. In particular, this implies pointwise
convergence as ¢ — 0. In fact, by the smoothness result of [41], f¢ is C'*° for positive times,
and this is preserved in the limit as € — 0.

Next, we need to show the limit f solves the Landau equation. This follows from the
pointwise convergence of D2f¢ — D2f (0; +v-Vy,)f¢ — (0; +v - V) f, and the convergence
of the coefficients @/~ and & (which follows from the Dominated Convergence Theorem).

Finally, we establish that f matches the initial data in the sense of integration against test
functions, as in the statement of Theorem [I.1.1} This is established by multiplying the equation
for f¢ by the test function ¢, integrating by parts, and using the above convergence facts to

take the limit as ¢ — 0.
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Chapter 7

Propagation of Holder regularity

In the next two chapters, with the goal of proving uniqueness, we place stronger assumptions
on the initial data fy of our solution: for some 6,7, R > 0, assume that for all z € R3, there is
a v, € By so that

fO(xav) Z 57 v € Br(vm)~ (701)

Furthermore, we assume

erot)’ £ e L (RE). (7.0.2)

for some pp > 0 and § € [, 1], and
e?)” £y € C32(R®), (7.0.3)

for some « € (0,1/3) and p > 0.

The purpose of the current section is to show that the Holder continuity that we assume
at time zero is propagated forward to positive times. For technical reasons, we work with
the specific solution that we constructed above in Theorem (which has an approximating
sequence f€ — f, with each f° smooth and rapidly decaying) rather than a general classical

solution. The precise statement of the result is as follows:
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Theorem 7.0.1. Let fo(x,v) > 0 satisfy the lower bound condition (7.0.1) for some §,r, R >
0, as well as the pointwise upper bound (7.0.2) for some py > 0, and the Hélder continuity

assumption (7.0.3) for some o € (0,1/3), B € [y,1], and

4o

P = 20 " 9a

Po-

Let f:]0,T] x RS — [0,00) be the classical solution to the Landau equation (1.0.1) guaranteed
by Theorem [1.1.1]

Then there exists Ty > 0 such that

8
€@/ £l o (0,min(r, i xre) < C,

The constants Ty and C depend on pg, o, 3,0, r, R, ‘|€p<v>ﬁf()||cgz,u(11§6), and ||6”°<”>ﬁf0||Loo(Re).

The strategy to prove Theorem [7.0.1] is based on bounding a weighted finite difference of

f via a barrier argument. For (t,z,v) € R” and h,k € B;(0) C R?, and some o > 0 to be

determined, define

Tf(t,it,v,h,k) :f(t7$+h7v+k)

5f(t,x,v, h7 k) = Tf(t,.]f, v, h7 k) - f(t,x,'U), (704)
(p—oty(wy |0f(t, z,0)[?

g(t7x7v7h7k):e 7219 1 119V )
(1h]> + |K[*)~

where p and « are the exponents appearing in (|7.0.3)).
The function g is chosen in order to control a weighted Holder seminorm of f in (z,v) vari-

ables. This seminorm controlled by g is with respect to the Euclidean distance dg((x1,v1), (z2,v2)) =

\/\xl — x9|2 + v — v2]?, rather than the kinetic distance dj. For any 2 C R®, let us introduce

the notation

|h(21,v1) — h(22,v2)]
[Plea (@) = sup ,
( ) (Il,vl),(l’z,’UQ)GQ dE((xl,Ul),(.'L'Q,'Uz))a

for the Hélder seminorm with respect to the standard Euclidean metric, as well as the norm

1Plleg

o (@ = [[hllL=@) + [hlee (o). Euclidean Holder norms are used only in the current
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section. They are needed because of the specific form of the denominator of g, which is imposed
on us by the proof of Lemma A quick calculation shows that

C1 [h]ca

k,z,v

®) < [Plog | e < Calhlcpe  (go)- (7.0.5)

for constants c¢;, Cy depending on «. The second inequality here is the reason for the loss of
Holder exponent from 3a to « in Theorem [7.0.1] since the proof is based on propagating the
C% seminorm of f.

The key property of the function g, that it controls a weighted Holder seminorm of f, is

made precise by the following elementary lemma:
Lemma 7.0.1. For any p,0 >0, T € [0, %], a € (0,1], and 3 € [0, 1], the function g defined

by (7.0.4) satisfies

v B v B
c1 sup [ePDO7 (1)) e ®%) < |lgllzoe (0,71 xRS x B, (0)2) < C2 sup [e” f ()] e

@ 6
0<t<T By 0<t<T B (B0
where the constants ¢y and Cy depend on p, B, and «.
A direct calculation shows that g satisfies the equation
2ah - k
(8t+v~Vz+k~Vh)g+a<v>Vg+ W{]
(7.0.6)

_ e(f)7‘7-25)<’l)>’y(Sf(t7 x, 'U)
([Rf* + [K[2)

[tr(@/ Dirf +al D25 f) + & rf + &l of]

Using this equation, we will show that g(t,x,v, h, k) is bounded above by a certain barrier
function G(t) up to a certain time value. The exact form of G will be dictated by the estimates

that are available for g at a first crossing point. Therefore, we derive these estimates first:

Lemma 7.0.2. Let fy be as in Theorem and let f be a solution of the Landau equation
(1.0.1) on [0,T] x RS for some T > 0, with initial data fy. Let g be defined by (7.0.4)), with

_ 4o
= 24— 94"

p
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where pg is the constant from (7.0.2)).

There exists o9 > 0 sufficiently large, such that if o > og, and {y = (tg, Zo,vo, ho, ko) €

[0, T) xRS x B1(0)? is a point with ty < min {1, 2£

} and such that g(tg, ) achieves its mazimum
o

over RS x Bl(O)2 at (xg,vo, ho, ko), then
919 < Co <g+tal+u(a)gl+u(a)) at Co,

where p(a) € (0,1) and v(a)) > 0 depend only on «, and Cy > 0 and oo depend on po, 8, 6, r,

R, and ||6p0<v>ﬁfo||Loo(R6).

Proof. First, the assumption ([7.0.2)) for fy implies, via Lemma the decay estimate
8
[|erotv) Flle 0,1 xrs) < Ko,

for some Ky depending only on T and the initial data. Here, we may assume T < 1, since
the proof only needs this bound on f up to time ¢35 < 1. Throughout the proof, we absorb
dependence on this K into constants.

Furthermore, because of our assumption that ¢t < ¢ty < %, we have e(P=oto){v)” > (p/2)(v)"
for any v € R3. This will be used repeatedly.

For the remainder of this proof, all evaluations of g, 7f, and Jf are assumed to be at (j,
and all evaluations of f are assumed to be at zg = (to, xg, Vo) unless otherwise noted.

Since (p is a local maximum point of g, we have
Vg =Vog=Vng=Vih=0, D?¢<0,Dig<0, at{. (7.0.7)

Therefore, evaluating (7.0.6) at ¢y results in

2ah - k elP=a)) s £(t, 2, v)

- tr(a® D? a’ D%6 & cof].
B RS ey (DT Do) e

Org+o(v)’g <
(7.0.8)

We want to bound the expression on the right by a power of g((p). First, we have the simple
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estimate
2ah - k <
—_— ag.
2+ k27 =
Next, recalling that

elp=at) ()

=V,9= ['y(p — at)(v>7_2v|5f|2 + 26va(6f)} Wa

we see that
V.(55) = ~ 5700 — o) (0} 20(55) (7.0.9)

We also calculate

Dzg = [v()" 2 (p—at)(I + (v = 2)v @ v(v) *)(61)* +7*(p — ot)* ()"~ v @ v(5 f)?
lp—at)(v)"

+4y(p — o) ()P0 @ V(6 f)0f + 2V, (6f) @ V(6 f) + 25fD5(5f)] W’

which implies

20ftr(a’ D30 ) = LI (@9 D2g) (00200 — o) ltx@) + (7~ 20 @ 0) ) (65

— 7 (p = at)* ()74 (0f)?v - (@lv) — dy(p — ot)(v) 720 fu - (@l V4 (51))

=2V, (8f) - (' V., (6)).

Since @’ > 0 and D2g < 0 (recall (7.0.7)), several of the terms in the last expression have a

good sign, and we are left with

26 fte(a’ D35 f) < (2 =) (p— at)(v)" - (@ 0)(3f)* = 4v(p — at) () 25 fv - (aTV, (81)).
For the second term in this right-hand side, we use 7 yielding
26 ftr(@ D25f) < ¥(2 = 7)(p — o) (0) v - @ v)(3F)? + 292(p — )2 ()2 45 f) % - (alv)

= (12 = 7)(p — o) (W)™ +292(p — 1) (0)27~] (3f)%0 - (a ).
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With Lemma[2:2.2] this gives
26 ftr(a! D36 f) < O\ fll e (fo,t0) ko) (0)° 2 (1 4 (0)7)(8.)?,

for some arbitrarily chosen ¢ > 5+ . Absorbing Hf||L3<>([O)T]X]Rs) < CKj into the constant, we

then have

e(p_gt) <v>’\/6f(t7 T, 'U)
(Ih]* + [K[*)

(p—at)(v)"
° _(0)P2(81)% < Clu) g,

@ Df) <o
@ D]) < O T ape)

since v < 1.
Next, we address the term in (7.0.8) with tr(a’/ D27 f). Noting that §f = ¢*/?(|h|* +

|k‘2)a/2e—(l)—‘7t)<v>7/27 we have

|a5f(<'0)| S C/ |’U}|’Y+2|6f<t07$0,’1)0 - w, hOa k())‘ dw
R3

(|hol? + |ko|?)/?
e(p—at){vo—w)7 /2

|w|7*2

= C/ lw"*2g12(tg, 20, vo — w, ho, ko)
R? (7.0.10)

dw

1/2 2 2ya/2
< Clalto. )2 oy (hol? + o) || s aw,

< Cg(Go)*(|hol® + ko|*)*/ vo) "+,

for a constant depending on p. We have used the fact that g({p) is the maximum value of

g(to, ) over R® x B;(0)2. This implies

elp=ot){v)75 f

) elp=ot){v)7 5 f
(1Al +[K[2)>

(Jho|? + |ko|?)o/?
< Cg(Co)|[(v) 2Pt 2D2 £ (1o, )| poo (o).

tr(a®l D27 f) < 2Cg(Co)Y*(vo) 2| D27 £(Co)|

(7.0.11)

To bound this second-order norm of f, we apply Proposition with «/2 replacing a. We

can apply Proposition because of the lower bounds satisfied by fy, which imply suitable
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lower ellipticity estimates for @/ via Theorem and Lemma We therefore have

(o) 2=t 2DE £ (b, )| Low )

v B
< ||e®/D0D2 f(to, )| oo (ro)

—1-a?/(24—20) (3/a—1)p(v)? ¢ P(a/2)
< Ct (1 + ||€ f” 0/2 ([0,to ]xRG)) .

Since the weight e®/ a=1)p(v)” grows too fast for us to close our estimates, we interpolate via

Lemma then apply Proposition to translate to a Holder norm in (x,v) variables:

[{0)7+2ele= ot 2D £k, )| oo (o)

—1—a?/(24—2a) B Ple/2)/2 ’ */2)/2
< Ot (1 O EEDI o [T )

—1—-a“/(24—2a) P(a/2)/2
< Ct /( (1 + He(p/Q) f”L(go(/[O?)t/O]’cl(:,m,v(Rﬁ)) I

where we absorbed ||e(6/@=9/4)r f||Loo < K into the constant, since (6/cc — 9/4)p = po.

From ([7.0.5)) and Lemma [7.0.1} we have

elo/2)t (p/2)¢

0 il oo g (0.l (re)) < lle

v B8
" Fll Lo (0,t0), C% .., (RS))

< g(¢o)*?,

since (p is the location of the maximum value of g over [0,#p] x RS x (B1(0))2. Returning to

(7.0.11)), we have shown

e(p—ot)<v>”5f

TRy @ Dirh) < Ot g(Go) + 9(Go) .

We now address the zeroth-order terms in ((7.0.8)). First, with Lemma [2.2.2

(p—ot)(v)” 5

m T6f =2elg < C’Hf”Loo([o 11xr8) (V)79 < C(vo)7g

where g > 5 + v is arbitrary, and || f||L= < C'Kj is absorbed into the constant as above. Next,
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proceeding in a similar way to ((7.0.10)), we have

@ () < © / o] 18 (to, 0, vo — w, ho, ko) duw
]RS

(|ho? + |ko|?)/?

elp—at)(vo—w)" /2

=c [ |wp
R3

< Cg(o) " (lhol? + [ko|*)*/* (vo)”,

and

e(p—ot)<v>”5f 5

(p—ot)(v)”
T < 200G ) )

(|ho|? + |ko|?)o/?
< Cg(Co)|[{v) e 2L £l e 0, 7))

< Cg(Co)||e” ™ 2 f|l 1o < Cg(Co),

since p/2 < pg. Overall, we have shown that, at the point (p,
2
Oug+o(v)g < Clu)Tg + Oty /P12 (g 4 gHHP(O/DI2),

and the proof is complete after choosing o = C. O
We are now ready to prove the main result of this section:

Proof of Theorem[7.0.1 First, we may assume f is smooth and decaying exponentially as |v] —
o0, by passing to the approximating sequence f¢ from the proof of Theorem [[.I.1] These
qualitative properties are used only to get a first crossing point in our barrier argument, so they
do not quantitatively affect the estimate we are proving. Therefore, the estimate is preserved
in the limit as € — 0, since f¢ — f pointwise. For simplicity, we write f instead of f€ in this
proof.

With g defined as in with p as in the statement of the theorem, and ¢ as in Lemma

[7.0-2] we note that

19(0, )| Lo (o x B, (0)2) < 00,

as a result of ((7.0.5)) and our assumption (7.0.3)) on fo.
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We want to show that g is bounded on some positive time interval. To show this, define the

barrier G(¢) as the solution to the initial value problem

0G = 2Co(G + t~1Tu@)Gltvie)) : )
7.0.12

v)P
G(0) = 1+ [lg(0, )| oo o x B, (0)) + 41127 FI12 10 170

where Cyp > 0, pu(a) € (0,1), and v(«) > 0 are the constants from Lemma The norm
|eP/D®) f||  ~ is finite from and Lemmam

The solution G(t) to exists on a time interval [0,7¢], with T depending on «,
Co, and G(0). Let T* = min{T¢g,T,p/(20)}. We want to show that g(t,z,v,h, k) < G(t)
whenever ¢ € [0,7*]. If this is false, then there must be a point {y = (to, Zo,vo, ho, ko) €
[0, 7] x RS x mQ, with to > 0, where g and G cross for the first time. The existence of this
point follows in a standard way from the compactness of the domain in the (¢, z, h, k) variables
(recall that f and g are periodic in z), as well as the decay of g for large |v| (which follows by
the qualitative rapid decay and smoothness of f).

Next, we point out that the crossing point {y occurs with both hy and kg in the interior of

B1(0), since if |hg|? + |ko|? > 1, the definition (7.0.4)) of g would imply, since to < T* < p/(20),
Glto) = g(Go) < e (5)2(Co) < 4lle@/D 0" FI2 L 10 17,00 < G(0),

which is impossible since G(t) is strictly increasing.

Since (p is the first crossing point between g and G, we have

0:G(to) < 0:g(o),

and because G is independent of (x,v, h, k), the point (xg,vg, ho, ko) is a maximum point for

g(to,-), and we can apply Lemma |7.0.2

21G(to) < Co (9(G0) +t5 (@) ) = Co (Glta) + 5V G(10) ) < Gk,
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by (7.0.12). This contradiction implies g(¢, z, v, h, k) < G(t) whenever ¢ € [0,7*]. There is a
time T € (0, T¢) depending on «, Cp, and G(0), such that G(t2) = 2G(0). Define

Ty = min {TQ, ﬁ} ,
20
and T** = min{7T, Ty }. With Lemma and Lemma we have

v)#
sup [P/ F(1))2, ey < 26(0)
0<t<T** s Ty

Y
<C (Hg(oa ')HL°°(]R6><Bl(O)) + ||€(p/2)< ) f”%OC([O,T**]x]RG))

’UB ’Uﬂ
<C (1" follzg _gey + €@/ fol3 ey ) -

Next, we translate this inequality to kinetic H6lder norms with (7.0.5):

B B8
sup [P0  (gey < Clle” folloge  (re)-
0<t<T*> S =

Finally, we apply Proposition to obtain

)8 v)?
e @O F1)1Z  oree1rey < Cle”™ follege

k,z,v

(RS)-

as desired. The weight on the left side has been changed to e(?/ 9 to absorb the polynomial
moments lost when applying Proposition [3.3.1
Finally, we recall that Ty depends on p, o, «, Cy, and G(0). Since G(0) is bounded in terms

of [ep<”)ﬂf0]cga (roy and [le”° <”>ﬂf0||Loo(Rs), the proof is complete. O
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Chapter 8

Uniqueness

This chapter proves the uniqueness of classical solutions. First, let us prove an auxiliary lemma:

Lemma 8.0.1. Let ¢(v) = ). For any p > 0, there holds

Nz < CH\/thL%(R%a

L3 (R?)

whenever h is such that the right-hand side is finite. Here, C' is a constant depending only on

ps Y, and p.

Proof. From Holder’s inequality, we have

1

[t pra= [ (] v—w|“h<w>dw)2dv
(L B vomn) o

2
<of % o IV By
< ClIVahI ey [

1
¢(v)

() do < C|| \/&hHQL?(D@)v

with C as in the statement of the lemma. O

Now we are ready to prove our main uniqueness result:

61



Proof of Theorem[I.1.2 The difference h = f — g satisfies the equation

Oth+v-Veh =Q(f, f) = Q(g,9) = Q(h, f) + Qg h). (8.0.1)

Let p € (0,p0) and o > 0 be constants to be determined later, and define the weight ¢(t,v) =
elP=o)"  We assume throughout the proof that 0 < t < Ty = min{p/(20), Ty}, where Ty is
the constant from Theorem In particular, this implies that ¢ < e(P/2)(0)7

Multiplying by h¢ and integrating over T? x R?, the term [[ ¢hv-V,hdv dz vanishes

since ¢ is independent of z, yielding

salvanlie+ 5 [ [ wrenavde= [ [ onQhp+Qubldvds (502)

Looking at the terms on the right, we start with [[ ¢hQ(h, f)dvdz. For this term, we use the

non-divergence form of the collision operator:

/TS /R ShQ(h, f) d”dx—/ /}R ¢htr(th3f)dvdm+AS /R ohe" fdvde = I) + Io.

For I, we first bound D2 f by combining Proposition and Theorem with /3 replacing

a:

1(6D3f) ()] oo (3 xme) < Cle® D D3 f (1) Lo (13 )

< O+ ) O fll o me

< C(1+15),

where k(a) = -1+ (a/3)%/(6 — a/3) and p’ = (9/a — 1)p. From Theorem we see that
the constant C' depends on Hep”<”>7f0||Loo(Rs), where p” = (24 — 9a)/(a)p’. We choose the

parameter p in the definition of our weight ¢ by setting p”’ = pg and solving for p.
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Returning to the term I, we bound @” using Lemma with = v+ 2, giving

_h
/ﬂ‘3 /Rs ¢htr(ahD3f) dvdx < ||(¢D3f)(t)||Lm(T3xR6) /TS /Ra \/&h'\a/% dvdx

_h|
§Cl+t”(“)/ Sl e ey |12 dz
o) [ ol |2
<1+ ) [ 1V/ohIEy da
T3 v
< O+t ||/ Oh| 2 (15 ps)-
For I, we have
h c
L[ onctavds < 16O Omosrsy [ [ Voh dvds
T3 JR3 T JR3 Vo
C
< D)) || Lo (T2 3/ oh| L2(r3) || —= dx
I@NO~s [ IVoHlszo |

< Clloflle- /Ts IV/éh 32 sy dz = Cll £l |/ PhlIZ:,

by Lemma with p = ~.
Next, we address the term [[ ¢hQ(g,h)dvdz in (8.0.2). Here, we use the divergence form

of the collision operator:
/1r3 /RS ohQ(g,h)dvdx = /T3 - ®h[V, - (@9V,h) +b9h + &h) dvde = Jy + Jo + J3.
For J;, we integrate by parts in v:
Ji = —/ / [0V uh + hVy¢] - (@'Vyh) dv da.
T3 JR3

Since a¢ is a postive-definite matrix, we have (V,h+eV,¢)-[a9(Vh+eV,¢)] > 0 for any € > 0,

which implies the following inequality:

1
Vb (@V,h) < %VUQS (@V00) + 5o Vo @V, h).

63



Choosing € = h/(2¢), this gives

—/ / hV oo - (@9V ,h) dv da
T3 JR3

1 V.0 (8.0.3)
< / dVyh - (@9V,h)dvdz + 7/ / h2 v, (@'V,¢) dv dz,
T JR3 4 Jrs Jps

¢

and

Jlgl/ / h2—v”¢.(a9vv¢)dvdx.
4 T3 JR3 ¢

From the upper for a9 in Lemma we have

IN

2
J1 < l/ / R ()~ - (@9v) dv dz
4 T3 JR3
Cy

/TS /]RS h26(0)*1 2 dv da < Cg||\/$h||%i/ﬂw3)_

For J,, the growth of b9 ~ (v)7*! presents a difficulty, since the good term on the left side of

(8.0.2)) only allows us to absorb a weight like (v)7¢. To get around this, we integrate by parts

repeatedly and use the facts that by = — Z?:l 8y,a?; and V,, - b9 = ¢9:

vj ’Lj

Jo = 1/ b7 -V, (h?) dv dz
2 T3 ]R3
1 3 1
== h? Op.al; | - Vepdvdr — f/ ¢’ h? dv dx
2 /]1‘3 /]1{3 ; 7 2 T3 JR3

1 1
=- / hV ., - (@9V,h) dvdr — = / R*tr(a?D2¢) dvdx — = / pcdh? dv da.
T3 JR3 2 T JR3 2

T3 JR3

In this right-hand side, the first term is equal to the term handled above in (8.0.3)), and we

estimate it in the same way. The third term is equal to —%Jg. For the middle term, we use the
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expression ([2.4.3) (with p — ot replacing p) for tr(a?D2¢) and discard negative terms to obtain

—%/T /]R h*tr(a? D?¢) dv dz
__M 2 ()T _ . M) v (@ 0 2tr(@9)] do de
= 2 /TB/RS}WU (v =2)+ (p— ot)B(v)?) v+ (@) + (v)*tr(a?)] dvd

— ot -2
< (p g )A/(’y ) / / h2¢<v>'y—4,u . (C_l'q’U) dv dx
2 T3 JR3
<C, [ [ @ dvds = Cll /oI ey,
T3 JR3

after using Lemma For J3, Lemma [2.2.2] implies

/ oh%ed dvdx < CHgHLoo/ / (W)Yph? dvdz < C|\gl|pee ||/ @l (T3 <R3

T3 JR3 7 J1s JRr3 a v/2

Putting everything together, we have

1 o wla
SIVenlz: + */ / (v)7¢h* dvdz < C (1 + g )) IV/ShI|Zs s gy + ClIVORIT2 (7o xpey-
2 2 T3 JR3 v/2

v

The constant in this inequality depends only on a, pg, and ||e”o()” fOHC,‘:,m, ®s)- Choosing

o = C and applying Gronwall’s inequality, we obtain
IV/@E)(0) 2z xs) < 1V/@(0)A(0) | 2 (rs sy exp(Clto + 1 ™) = 0,

so that A(t,z,v) = 0 for all ¢ and almost every (z,v). By continuity, h(t,z,v) = 0 everywhere,

and we conclude f = g pointwise. Since Ty depends on p, o, and Ty, we conclude the proof. O
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Chapter 9

Conclusion

In this dissertation, the Landau equation from plasma physics in the case of hard potentials
was analyzed. In particular, a solution was constructed for the initial-boundary value problem
with periodic boundary conditions in the x variable.

The key contributions were: an existence result on a time interval [0, T'] with initial data that
is much more general than was allowed by previous work in the literature, (ii) a uniqueness
result in the case that the initial state is vacuum-free and Holder continuous, (iii) results
about the spreading of positivity, which imply both that vacuum regions in the initial data are
instantly filled, and that vacuum cannot spontaneously form, (iv) a result showing that Holder
continuity at time zero is propagated forward in time, which was used as a lemma in the proof
of uniqueness but is also interesting in its own right.

The broader question of global-in-time existence (i.e. replacing the time interval [0, 7] with
[0,00) in our results) is a difficult unsolved problem, but the results in this dissertation may
shed some light on this problem, either by providing tools that could be used on the way to
proving global existence, or by ruling out some possible types of singularities. The strategies
developed here could also potentially be adapted to the non-cutoff Boltzmann equation with

hard potentials.
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